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Abstract. We define analogues of Verma modules for finite 'py-algebras. 
By the usual ideas of highest weight theory, this is a first step towards the 
classification of finite dimensional irreducible modules. We also introduce 
^ ' an analogue of the BGG category O. Motivated by known results in type 

A, we then formulate some precise conjectures in the case of nilpotent orbits 
of standard Levi type. 



1. Introduction 

There has been a great deal of recent interest in M^-algebras and their repre- 
sentation theory. To each nilpotent element e in the Lie algebra g of a complex 
reductive algebraic group G, one can associate a finite T^-algebra U{Q,e). Up 
to isomorphism, this algebra depends only on the adjoint orbit G • e of e and 
can be viewed informally as the "universal enveloping algebra" of the Slodowy 
^ , slice to this orbit. Finite Vl^-algebras were introduced into the mathematical 

■ literature by Premet [PI, §4]; see also [GG]. For nilpotent orbits admitting even 

. good gradings in the sense of [EK] , these algebras already appeared in work of 

I Kostant and Lynch [K, Ly] in the context of (generalized) Whittaker modules. 

At one extreme, U (g, 0) = U (g); at the other extreme, when e is regular, U (g, e) 
is isomorphic to the center Z{q) of U{q). 
QQ ' There is much motivation for studying the representation theory of finite 

. Vl^-algebras. For instance, through Skryabin's equivalence [S], there is a rela- 

tionship between the representation theory of U (g, e) and the representation 
theory of g. This provides an important connection between the primitive 
ideals of U{q) whose associated variety contains G-e and the primitive ideals of 
' U{q, e); see [P2, Theorem 3.1] and [L, Theorem 1.2.2]. In another direction, it is 

shown by Premet [PI, §6] that f7(g, e) gives rise to a natural non-commutative 
deformation of the singular variety that arises by intersecting the Slodowy slice 
to the orbit G ■ e with the nilpotent cone of g. 

In mathematical physics, finite W^-algebras and their affine counterparts have 
attracted a lot of attention under a slightly different guise; see for example 
[BT, VD, A, DK]. It has recently been proved in [D^HK] that the definition in 
the mathematical physics literature via BRST cohomology agrees with Premet 's 
definition; see the discussion in §2.3. 

For the case G = GLjv(C), the first and third authors made a thorough 
study of the finite dimensional representation theory of C/(g,e) in [BK2]. In 
this case C/(g, e) is isomorphic to a quotient of a shifted Yangian [BKl]. Using 
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this connection and the natural triangular decomposition of shifted Yangians, 
we developed a highest weight theory for U{g,e), leading to the classification 
of finite dimensional irreducible U{q, e)-modules; see [BK2, §7.2]. On the other 
hand, using Premet's definition of U (g, e) and the so-called Whittaker functor, 
we obtained character formulae for the finite dimensional irreducibles as a con- 
sequence of the Kazhdan-Lusztig conjcctTuc for a certain parabolic category 
O attached to g; see [BK2, §8.5]. This type A theory has already had several 
other quite striking applications; see [Bl, B2, BK3]. 

In the general case there is little concrete knowledge about representations 
of U{g,e). It has only recently been proved that U{Q,e) always has "enough" 
finite dimensional irreducible representations; see [P3, Theorem 1.1] and [L, 
Theorem 1.2.3]. The purpose of this paper is to set up the framework to study 
representation theory of U{Q,e) via highest weight theory. In particular, we 
define Verma modules for C/(g, e), which turns out to be surprisingly non-trivial. 

Recall in classical Lie theory that Verma modules are "parabolically induced" 
from irreducible representations of a Cartan subalgebra. The main problem 
for finite Pl^^-algcbras is to find a suitable algebra to play the role of Cartan 
subalgebra. It turns out that this role is played by the "smaller" finite W- 
algebra U{Qo,e) where go is a minimal Levi subalgebra of g containing e, i.e. e 
is a distinguished nilpotent element of go; see §4.1. Given a parametrization 

{VA\Ae £} 

of a complete set of pairwisc incquivalent finite dimensional irreducible U{qo, e)- 
modules, we will construct the Verma modules 

{M(A,e) ] A G £} 

for U{g, e) by parabolically inducing the Va's from U (go, e) to U (g, e); see §4.2. 
We then prove as usual that the Verma module M(A, e) has a unique irreducible 
quotient L{A, e) and that the L{A, e)'s parametrized by the subset 

£.+ := {Ae jC\ dimL(A, e) < oo} 

give a complete set of pairwise inequivalcnt finite dimensional irreducible U (g, e)- 
modules. Incidentally, all our Verma modules belong to a natural category 0{e) 
whose objects have composition series with only the L(A, e)'s as composition 
factors; see §4.4. In the case e = this category C(e) is the usual Bernstein- 
Gelfand-Gelfand category O from [BGG]. 

The general principles just described reduce the problem of classifying the 
finite dimensional irreducible U{g, e)-modules to two major problems: 

(1) Find a natural parametrization of the finite dimensional irreducible 
f^(0O) e)-modules by some explicit labelling set JC. 

(2) Describe the subset of C combinatorially. 

We remark that the definition of Verma module, hence the subset of C, 
depends essentially on a choice of positive roots in the restricted root system of 
U{g,e) in the sense of [BG, §2]. Unlike in the classical situation there is often 
more that one conjugacy classes of such choices. The combinatorial description 
of the subset will certainly depend in a significant way on this choice. 
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In the special case that e is of standard Levi type, i.e. e is actually a regular 
nilpotent element of go, Kostant showed in [K, §2] that U{go,e) is canonically 
isomorphic to Z^Qq). Hence in this case the solution to problem (1) is very 
simple: the set C labelling our Verma modules can be naturally identified with 
the set t*/Wo of VFo-orbits in t*, where Wq is the Weyl group of go with respect 
to a maximal toral subalgebra t. This resembles a result of Friedlander and 
Parshall [FP, Corollary 3.5] giving a similar labelling of irreducible represen- 
tations for reduced enveloping algebras of standard Levi type in characteristic 
p. In §5.1 we formulate two explicit conjectures concerning the standard Levi 
type case. The first of these conjectures reduces the solution of problem (2) 
to the combinatorics of associated varieties of primitive ideals in g. We prove 
this conjecture in type A (for a standard choice of positive roots) in §5.2, by 
translating the results from [BK2] into the general framework. Our second con- 
jecture is quite a bit stronger, and was inspired by Premet's ideas in [P2, §7]. It 
predicts an explicit link between our category 0{e) and another category 0{x) 
introduced by Milicic and Soergel [MS]. This conjecture also implies the truth 
of the Kazhdan-Lusztig conjecture for finite PF-algebras of standard Levi type 
from [VD]. We speculate for e of standard Levi type that every primitive ideal 
of U{g,e) is the annihilator of an irreducible highest weight module in 0(e), 
though we have no evidence for this beyond Duflo's theorem in the case e = 0. 

The rest of the article is organized as follows. In Section 2, we explain in 
detail the relationship between three quite different definitions of finite W- 
algebra. The key to the new results in this paper actually comes from the third 
of these definitions, namely, the BRST cohomology definition as formulated in 
[DK]. We point out especially Theorem 2.8 which makes the link between the 
second and third definitions quite transparent. In Section 3 we survey various 
results of Premet describing the associated graded algebra to U{g, e) in its two 
natural filtrations, setting up more essential notation along the way. The main 
new results of the paper are proved in Section 4, the most important being 
Theorem 4.3. Finally in Section 5 we discuss standard Levi type and explain 
how to translate the type A results from [BK2]. 

We work throughout over the ground field C. By a character of a Lie algebra 
g we mean a Lie algebra homomorphism p : g ^ C. Any such p induces a shift 
automorphism 

S, : U{q) ^ UiQ) 

of the universal enveloping algebra U{q) with Sp{x) := x + p{x) for each x G g. 

Acknowledgements. The first author would like to thank Alexander Premet for 
some valuable discussions about finite VF-algebras at the Oberwolfach meeting 
on enveloping algebras in March 2005. The second author thanks the EPSRC 
for the travel grant EP/F004273/1. 

2. Three definitions of finite VF-algebras 

In this section we give three equivalent definitions of the finite VF-algebra 
?7(g, e). The first two of these definitions have left- and right-handed versions 
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which are not obviously isomorphic; we establish that they are indeed isomor- 
phic using the third definition. Although not used here, we point out that 
there is also now a fourth important definition of the finite PF-algebra, namely, 
Loscv's definition via Fcdosov quantization; see [L, §3]. 

2.1. Definition via Whittaker models. Let g be the Lie algebra of a con- 
nected reductive algebraic group G over C. Let e G g be a nilpotent element. 
By the Jacobson-Morozov theorem, we can find /i, / G g so that (e, h, /) is an 
sl2-triple in g, i.e. [h,e] = 2e,[h,f] = —2/ and [e, /] = h. We write g^, g^^ 
and g'' for the centralizers of e, / and h in g, respectively. Then g'^ n g'^ is a 
Levi factor of g^. Pick a maximal toral subalgebra of this Levi factor, and a 
maximal toral subalgebra t of g containing and h. So is the centralizer of 
e in t. Assume in addition that we are given a good grading 

S = ©S(J) 

for e that is compatible with t, i.e. e G g(2), g^ C 0j>og(j) and t C g(0). 
Good gradings for e are classified in [EK]; see also [BG]. As /i G t we have 
h G g(0) and, by [BG, Lemma 19], it is automatically the case that / G g(— 2). 
Any element a; G g decomposes as x = ^^^^^(j) with x{j) G g(j); we let 
x{< 0) := J2j<o^U) 0) Sj>o^O)- From now on, we abbreviate 

P:=00(j), tn:=0g(j), n:=0g(j), i) := g(0), « := g(-l). 

j>0 j<-2 j<0 

In particular, p is a parabolic subalgebra of g with Levi factor [) and n is the 
nilradical of the opposite parabolic. If the subspace t is non-zero then it is not 
a subalgebra of g. If it is zero then the good grading is necessarily even, i.e. 
g(j) = {0} for all odd j. 

Let (.j.) be a non-degenerate symmetric invariant bilinear form on g, inducing 
non-degenerate forms on t and t* in the usual way. Define a linear map 

X : g ^ C, x^{e\x). 

Also let (.|.) be the non-degenerate symplectic form on 6 defined by 

{x\y) ■■= x{[y,x]). 

Note that x restricts to a character of m. Let / (resp. /) be the left (resp. right) 
ideal of U (g) generated by the elements {x — x{x) \ x G m}. Set 

Q:=U{q)/I (resp. Q:=[/(g)/7), 

which is a left (resp. right) U (g)-module by the regular action. The adjoint 
action of n on U{q) leaves the subspace I (resp. /) invariant, so induces a 
well-defined adjoint action of n on Q (resp. Q) such that 

[x, u + I\ := [x, u] + I (resp. [x, u -|- 7] := [x, u] + I) 

for X G n, u G U{q). Let Q" (resp. Q") be the corresponding invariant subspace. 
Then 

(x — x{x)){u + I) = [x,u + I] (resp. {u + I){x — x(x)) = —[x,u + I]) 
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for all X G m, ti € U{g). This is all that is needed to check that the multiplication 
on U{q) induces a well-defined multiplication on (resp. Q^): 

{u + I){v + I) :=uv + I (resp. (u + I){v + I) := uv + 7) 

ioT u + I,v + 1 e (resp. u + I,v + I E Q"). We refer to as the Whittaker 
model realization of the finite VF-algcbra associated to e and the chosen good 
grading. Up to isomorphism, the algebra Q" is known to be independent of 
the choice of good grading; see [BG, Theorem 1] or [L, Corollary 3.3.3]. Later 
in the section, we will construct a canonical isomorphism between and the 
right-handed analogue Q ; the existence of such an isomorphism is far from 
clear at this point. 

Remark 2.1. The definition of Q" just explained is not quite the same as 
Premet's definition of the finite VF-algebra from [PI] . To explain the connection, 
we need to fix in addition a Lagrangian subspace [ of i with respect to the form 
(.|.). Note that x still restricts to a character of m © I (though it need not 
restrict to a character of n). Let /[ 2 / denote the left ideal of U{g) generated 
by {x - xix) I x G m © [}. Set Qi := U{q)/Ii and 

: = {u -I- /[ G Q[ I [x, u] e h for all x G m © [} 

= {u + I[eQ{\{x - x{x))u G /[ for ah X G m © I}. 

Again this inherits a well-defined algebra structure from the multiplication in 
U{q); it is even the case that 

Q{"®'-Endt;(0)(Q[r- 

The algebra Q^®^ is exactly Premet's definition of the finite IF-algebra from 
[PI]. By [GG, Theorem 4.1] the canonical quotient map Q Qi restricts to an 
algebra isomorphism 

Hence our Whittaker model realization is equivalent to Premet's. 

2.2. Definition via non-linear Lie algebras. The next definition of the 

finite H^-algcbra is based on [P2, §2.4], and is the main definition that wc will 
use in the subsequent sections. To formulate it, we will use an easy special 
case of the notion of a non-linear Lie superalgebra from [DK, Definition 3.1]. 
For the remainder of this article, a non-linear Lie superalgebra means a vector 
superspace a = og © oj equipped with a non-linear Lie bracket [., .], that is, a 
parity preserving linear map a (X) a ^ T(a) satisfying the following conditions 
for all homogeneous a, 6, c G a: 

(1) [a, 6] G C © o; 

(2) [a,b] = (-l)P(")P(^)[6,a] (where p{a) G Z2 denotes parity); 

(3) [a, [b, c]] = [[a, b],c] + (— 1)p(")p(*) [b, [a, c]] (interpreted using the conven- 
tion that any bracket with a scalar is zero). 

This definition agrees with the general notion of non-linear Lie superalgebra 
from [DK, Definition 3.1] when the grading on a in the general setup is concen- 
trated in degree 1. 
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The universal enveloping superalgebra of a non-linear Lie superalgebra a is 
L'"(a) := r(a) /M{a) where M(a) is the two-sided ideal generated by the elements 
a(S>b— (— a — [a, b] for all homogeneous o, 6 G o. By a special case of 
[DK, Theorem 3.3], U (a) is PBW generated by a in the sense that if {xi \ i ^ 1} 
is any homogeneous ordered basis of o then the ordered monomials 

{xi^ • • • XjJ s > 0, ii < ■ ■ ■ < and it < it+i if pixi^) = 1} 

give a basis for L'"(a). By a subalgebra of a non-linear Lie superalgebra a we 
mean a graded subspace b of a such that [b,b] C C © b. In that case b is itself a 
non-linear Lie superalgebra and U{b) is identified with the subalgebra of U{a) 
generated by b. We call o a non-linear Lie algebra if it is purely even. 

Now return to the setup of §2.L Following the language of [DK, §5] and 
[D^HK], let 

= {x^'^ \x£i} 

be a "neutral" copy of t. We allow ourselves to write for any element x € g, 
meaning 1)"^. Make into a non-linear Lie algebra with non-linear Lie 
bracket defined by 

:= {x\y) 

for x,y € t, recalling that {x\y) = {e\[y,x]). Then J7(P'^) is the Weyl algebra 
associated to t and the symplectic form (.|.). Let 

viewed as a non-linear Lie algebra with bracket obtained by extending the 
brackets already defined on q and P*^ to all of q by declaring [x, y"*^] := for 
X ^ g,y & t. Then U(g) = U (g) (g) U Also introduce the subalgebra 

p := p © f"" 

of fl, whose universal enveloping algebra is identified with U{p) J7(F"^). For 
use in §3.2, we record the following crucial lemma which is proved as in [GG, 
(2.2)]. 

Lemma 2.2. p = fl^ © 0[/, g{j)] © r^ 

Extend the left (resp. right) regular action of g on Q (resp. Q) to an action 
of g by setting 

x^'^{u + I) := ux + I (resp. {u + I)x^'^ := xu + /) 

for u G U{g) and x G This makes Q into a left U (fl)-module (resp. Q into a 
right L''(g)-module) . For x, y G n, we have that 

[x - x{x) - y - xiy) - = [x, y] - x{[x, y]) - [x, y]"^ 

because [x,?/]'^^ = 0. Hence the map n U{g), x x — x{x) — is a 
Lie algebra homomorphism. So we can make U{g) into an n-module via the 
twisted adjoint action defined by letting x G n act as the derivation tt i— [x — 
x(x) — x'^^,u\. Since xix) is a scalar, this map can be written more succinctly 
as u ^ [x — x°^, u]. 
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Lemma 2.3. The natural multiplication map 

U(^) ^Q, u^u{l + I) (resp. U{q) -» Q, u ^ {1 + l)u) 

intertwines the twisted adjoint action ofn on U(g) with the adjoint action ofn 
on Q (resp. Q). 

Proof. We verify this in the left-handed case, the other case being similar. We 

need to show that [x — x^^, u\{l + 1) = [x, u{l + /)] for a; £ n and u G U(q). We 
may assume that u = vyf^ ■ ■ ■ for v £ U (g) and yi, ...,?/„ G Then, 

[x - u] = [x, v]yr • • • C - v[x^', VT--- Vn]- 

Acting on 1 + /, wc get that 

[x - x''", u]{l + /) = [x, v]yri ■■■yi + v[x, yn---yi]+ I 

= [x, vyn---yi]+I = [x, vyn---yi + I] = [x, u{l + I)] 

as required. □ 

Let J (resp. J) be the left (resp. right) ideal of U{q) generated by the elements 
{x — x{x) — x^^ \ x En}. By the PBW theorem, we have that 

C/(5) = U{p) e J (resp. U{q) = U{p) J). 

Let Pr :U(q) ^ U(p) (resp. Pr : U(q) — > U(Jp)) denote the corresponding linear 
projection. Define 

C/(0, e) := {u G U(p) \ Fr{[x - = for all x G n}, 

U{q, e) := {u G U{p) \ P?([x - x"^ u]) = for all x G n}. 

Theorem 2.4. The suhspaces U{g,e) and U{g,e) are suhalgehras ofU(p), and 
the maps 

U{q, e) ^ Q", n(l + I), U{g, e) ^ Q", u^{1 + I)u 
are well-defined algebra isomorphisms. 

Proof. We deal with the left-handed case, the right-handed analogue being 
similar. Note for x G n that (x — x{x) — x"*^) (1 + /) C /, so J(l -|- /) C /. Hence 
Pt{u){1 + I) = u{l + I) for every u G U(g). Given this. Lemma 2.3 implies that 

Pr([x-x°^u])(l+/) = [x-x■^^^x](l + 7) = [x,u(l + /)] 

for X G n and u eU(p). By the PBW theorem, the map U(p) ^ Q,u n(l-|-/) 
is a vector space isomorphism. Putting our observations together, u G U(p) 
belongs to U {q, e) if and only if u{l+I) belongs to Q^. Thus the map U(lp) ^ Q 
restricts to a vector space isomorphism U{g,e) — > Q^. 

Now take general elements J2x ""a;^?^ ' " " ^^'^ Yly '^^yVT ' ' ' Vt^ ^ (Si ^) 
for Ux, Vy G U{p) and xi, . . . , Xs, j/i, . . . , yt G 6. The image in Q of their product 
in U(p) is equal to 

^x,y UxVyVt ■ ■ ■ yiXs ■■■Xl+I. 

We claim that this is equal to the product of their images in Q", namely, 

Y,x,y '^xXs ■ ■ ■ xiVyyt ■■■yi + I. 
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To see this, note that VyUt ■ ■ - yi + I belongs to Q". Hence for each i the 
commutator [xj, Vyi/t ■ ■ - yi] belongs to /. Also observe that Ixi^i ■ ■ ■ xi C. I. 
Using these two facts applied successively to i = 1, . . . , s, we get that 

Xs---xi'^ Vyyt • • • yi + i" = ^ Vyyt ■ ■ ■ yiXg ■■■xi+I 
y y 

and the claim follows. 

The claim shows that the product of two elements in ?7(g,e) is again an 
element of U{q, e), because the image of the product lies in Q". Hence U{q, e) 
is indeed a subalgebra of U{p). At the same time, the claim establishes that 
our vector space isomorphism is actually an algebra isomorphism. □ 

We refer to U{g, e) simply as the finite W -algebra associated to e. 

2.3. Definition via BRST cohomology. We now turn to the third definition 
of the T^-algebra. This has been proved to be equivalent to the Whittaker model 
definition above in [D^HK]. Let 

n"^ = {x"^ \xen} 

be a "charged" copy of n. As before, we allow ourselves to write x^^ for any 
X e g, meaning x{< Oy^. Recalling that = 0© i^*^, let 

:= © n* © n'^'' 

viewed as a non-linear Lie superalgcbra with even part equal to 0, odd part 
equal to n* ffi n'^'^, and non- linear Lie bracket [., .] defined as follows. It is equal 
to the non-linear Lie bracket defined above on 0. It is identically zero on n* , n^*^ 
or between elements of and n* ©n*^'^. Finally [/, x'^^] := (/, x) for / G n*, x G n, 
where (/, x) denotes the natural pairing of / G n* with x G n. We also have the 
subalgebra 

p := p © n* © n''^ 

of 0. We put the cohomological grading on 0, hence also on p, consistent with 
the Z2-grading, by declaring that elements of are in degree 0, elements of n* 
are in degree 1, and elements of n'^^ are in degree —1. It induces gradings 

m = ®m\ c/(p) = 0c/(pr. 

Fix a basis bi, . . . ,br for n such that bi lies in the /Jj-weight space of Q{—di) 
for some Pi G t* and di > 0. Define the structure constants Jij^k ^ C from 

r 

[bi,bj] =^li,j,kh- 

k=l 

Let fi, . . . , fr be the dual basis for n*. The coadjoint action of n on n* defined 
by ((ad*6)(/),6') = -(/, (ad6)(5')) for 6,6' G n and / G n* satisfies 

r 

{ad*bi){fj) = ^-fk,i,jfk- 

k=l 
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Let d : U(g) ^ U (g) be the superderivation of cohomological degree 1 defined 
by taking the supercommutator with the odd element 

r r 
i=l i,j=i 

As in [D^HK], one checks: 

r 

1=1 

r 

d{f) = \Y.fi{^<rbi){f) (/en*), 

i=l 

r 

1=1 

r 



1=1 

J2 



Using these formulae it is easy to check that d = 0, i.e. {U {g),d) is a differential 
graded superalgebra. Let H*{U(Q),d) be its cohomology. It is known from 
[D^HK] that this is concentrated in cohomological degree 0. So 

H-iU{Q),d) = ker(d : [/(fl)^ ^ [/(g)i) / im{d : UQ)-' ^ UQf). 

Note by the PBW theorem that 

U{gf = U{q) e n*C/(B)°n='^ (rcsp. C/®" = U(g) n^^C/(fl)On*), 

with n*U{Q)^n^^ (resp. n'^'^C/(9)°n*) being a two-sided ideal. So we can define a 
linear map 

q : C/(0)° ^ Q (resp. q : U{Qf ^ Q) 
such that q{u) = u{l + 1) (resp. g(u) = (1 + I)u) for u G ^7(5) and 

ker 9 = J n*U{g)\''^ (resp. ker g = 7 n''^U(gfn*). 

By the above explicit formulae for the differential d, it follows that d maps 
[/(fl)"^ into J © n*f/(0)°n'='^ (resp. 7© n''^'U(g)^n*). So the restriction of q 
(resp. q) to kei{d : U{^) — > ?7(g)^) induces a well-defined linear map 

q : H'{U{'5),d) ^ Q (rcsp. g : i7'([/(0), d) ^ Q). 

In [D^HK], it is proved that q is an algebra isomorphism between H*{U(g),d) 
and Q^. A similar argument shows that q is an algebra isomorphism between 
H'{U(g),d) and Q". This already shows that Q" = Q" as algebras, though it 
does not give the isomorphism as explicitly as we would like. 

To remedy this, note that the projection along the decomposition 

U{pf = U{p) © n*U{pfn''^ (resp. U{pf = U{p) © n^i'C/(p)°n*) 

defines a surjective algebra homomorphism 

p : U{pf U{p) (resp. p : U{pf U(p)). 
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Moreover the following diagrams commute: 



U{p) Q U{p) Q 

where the top maps are the inclusions and the bottom maps are the multiplica- 
tion maps defined like in Lemma 2.3. For the next lemma, recall that the basis 
element 6^ G n is of t- weight 

Lemma 2.5. /3 := Yll^i A ^ t* extends uniquely to a character of p. 

Proof. For x Et), the linear map adx : g — > g leaves n invariant, so the map 

P -.i) ^ C, X H- > tr(adx|n) 

is a well-defined Lie algebra homomorphism. Extending by zero on the nilradical 
of p wc get the desired Lie algebra homomorphism (3 : p —>■ C The uniqueness 
is clear. □ 

In view of the lemma, wc can define shift automorphisms 

S±^ ■■ U{p) ^ U{p), x^x± (3{x), y'- ^ y'- (x G p, y G 6). 

Of course, we have that (^i/j)"^ = Szfp. The definition of the function (p 
in the next lemma is based on a construction of Arakawa [A, 2.5] for regular 
nilpotents. 

Lemma 2.6. There are well-defined algebra homomorphisms 
<^ : C/(p) ^ C/(p)°, ^:C/(p)^C/(p)° 

such that 

(t>{x) = x + Y.i fiih, =x- E,[bi, xf^fi, 

for X G p and y G 6. Moreover, 

(1) po0 = po^ = id[|(p); 

(2) ^ = 4>oS^. 

Hence (j) and 4> are injective, po = Sp and po (p = S^p . 

Proof. To see that there is an algebra homomorphism (f) : U{p) ^ U (p)^ 
defined on generators as in the statement of the lemma, we need to show that 
(f){x)(f){y) — 4){y)4>{x) = 0([x,y]) for all x,?/ G p. If x,y G 1"^, the result is clear. 
If X G p and y G ^"'^ or vice versa, both sides are obviously zero. It remains to 
consider the case that ,T,y G p. Then 

mm =Xy + Y.^ xfAKvf + hlh.xfS + E,,, f^[b^,xf^f,[h,,yY'^, 

mm = yx+ T.iyfiKxY'- + Zi fi[bi,yr''x + fj[bj,yr''fi[bi,xr''. 
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Now note that 

= - xf'[b„yr + Mfj, h,x]{< 0)) [b^yf^ 

= - xf^ib^yf^ + Mh,x]{< 0),yr^ 

= - E^,, MAk, x^ib^yr + E^ Mlk, x],yr. 

Similarly, 

E.,, fj[bj, y^Mh, xr = - fjMb„yr[h,xr + E, fA[bj,y],xr 

= - E,, hfj h,xr^[bj,yr - Mx, [h,y]r''. 

Thus, we finally get the required equality: 

Hx)cP{y) - mm = [xM + Y.^f^ {[h.xUY'^ + [x, [6^,^]]='^) 
= [xM+T.^f^[b^AxMr'' = mM)- 

Now define an algebra homomorphism (p := (p o Sf^. For y G t and a; G p we 
have that 

^(y-) = </.(5;3(y-))=y-, 

m = HSpi^)) = m + m) =x+ m + Ei Mk, xr'^ 

= x + f3{x) + E^{/^, [bi, x]{< 0)) - Y.i[bi, xf^fi. 

If X belongs to the nilradical of p, then (/j, x\{< 0)) = = —fi{x) by degree 
considerations. Instead if x G f) then 

[bi,x]{< 0)) = -Ei(/i,(adx)(6i)) = -tr(adxU) = -f3{x). 

recalling the proof of Lemma 2.5. Hence (p{x) = x — EJ^ii^]^^/? ^ the 
statement of the lemma. Finally the property (1) is obvious. □ 

Lemma 2.7. For u G C/(p), we have that 

dim)) = Eimmbi - ^'?^«])), dim) = EMP^ih - r,^]))/^ 

Proof. We deal with the left-handed version, the argument for the right-handed 
analogue being similar. We first check the result for any u G [/(P^) by induction 
on the natural filtration. The base case is when u is a scalar, which is trivial 
as both sides are zero. For the induction step, take u = y^^v for y G 6 and 
V G [/"(P^). Since [bi,v] = 0, the induction hypothesis gives 

dim) = E^/^'^(Pr([6^ - b-^v])) = JZjim^H-bt^v])). 

Hence, 

dim^'v)) = dim')m) = dim'))m + m^dim) 
= E^ fixiibi, y])m + mn Ei /^</'(Pr([-6^> vm 
= Ei Mixiibi, y])v + y^' m-br, y])) 

= M{[-bT, + Pr(y°1-6r> v])) 
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as we wanted. 

Next we prove the result for a; G p, when 

dici>{x)) = dix)+^,d{Mbi,xr^) 

= j:ifi[bi,x] + iEijfj{^d*bj){mi,xr^ - Ei/4&i,^](< o) 

+ fiXih, x]) + fi[bi, xr - fifjlbj, [bi, x]{< o)r 

= Ei fi[bi, x] (> 0) + Ei fixiih, ^]) + Ei fi[bu xr 

+ \ Eij fj{^d*bj){fi)[bi,xr - JZij fifAbj, [bi,x]{< 
= Eifimbi,x]) + lEi,j,k^k,j,ifjfk[bi,xr 
-Ei,jmbj,[bi,x]{< 

= Ei MPr([&i,^])) + hi:i,j,kik,j,ifjfk[bi,xr^ 

- mbj,PT{[bi, x])r^ - E,,,- fifjK [bi, x]{< o)r 
= Ei mpr:{[bi, x])) + i E^,J,k ik,j,ifjfk[bi, xr 

- E^j hfjibj, [bi,x]{> 0)]^h - E,,, mbj, [bi,x]{< 

= j:iM{Pr{[bi,x])) +'^E^,J,kWf^fj[bk,xr^ 

-E^,JmbJ,[b^,x]r^. 

Finally we observe that 

Eij Mj\bj, [bi, x]r = E^,J MAbr, [b.MY' + E.,, hfA[bjM],xr^ 

= - Ei,, hfAb,, [b^,x]r'^ + E.,,,fc ij,,khfAbk,xf'-. 

Hence 

fifAbj Abi^xr^ = \T.i,j,klj,i,kfifAbk,xf' 
and we have proved that 

d{m)=i:ifi^{^A[bi,x\))=Y.ifi^(PA[bi-bT,x\)) 

as required. 

To finish the proof, we use induction on the standard filtration on U (g). Take 
any X G p and G C/(p). Note that [(l){x)Ji] = Y^j fjift, [bj,x]i< 0)). Using 
this and the induction hypothesis, we get that 

d{(l){xu)) = d{(f){x)(l){u)) = d{(l){x))(j){u) + (j){x)d{(j){u)) 

= E^ f^'P{mb^ " b^ , x]mu) + E^ </>(x)/.0(Pr([6, - br,u])) 

= E^ f^Hmb^,x])u) + E, f^X Pr([6. - 6^, u])) 

+ E^, f^<t^{{fv [bi,x]{< 0)) Pr([5,- - bf, u])) 
= Ei fi4>{ Pr([6^, x])u + X Pr([6, - 6^, n]) 
+ Pr([[6,,x](< 0),u])-Pr([[6,,xr,u])). 
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We are trying to show that this equals 

So it remains to show that 

Pr([6,, x]u) - PT{[bi,x])u - Pii[[bi,x]i< 0),u]) + Pr([[6i, u]) = 0. 
To see this, we expand each term separately: 

Fv{[bi,x]u) = [bi,x]{> 0)u + Pr([6i,x](< 0)u), 
-Pr{[bi,x])u = -[bi,x]{> 0)u-[bi,x]''''u-x{[bi,x])u, 
-PT{[[bi,x]{< 0),u]) = -Pr([6,,x](< 0)u)+u[bi,xr + ux(.[bi,x]), 

p^i[[bi,xr,u]) = [bi,xru-u[bi,xr. 

Adding these together gives zero, completing the induction step. □ 

Theorem 2.8. We have that 

U{q, e) = {ue Uip) I = 0}, 17(0, e) = {u e U{p) \ d{^{u)) = 0}. 

Moreover, we have that ker d = (j){U{Q^ e)) © imd = <t){U (g, e)) © imd. 

Proof. As usual, we just prove the left-handed version. By definition, 

U{q, e) = {u G U(p) I Pr{[bi - u]) = for each i = l,...,r}. 

The injectivity of (p, implies that Pr([5j — bf^,u]) = for each i = 1, . . . ,r if 
and only if Yll=i /i'/'(Pr([6i — bf^, u])) = 0. By Lemma 2.7, this is precisely the 
statement that d{(f){u)) = 0. In particular, this shows that (/)([/(g,e)) C kerd. 
Finally, recalling the commutative diagram immediately before Lemma 2.5, we 
consider the induced commutative diagram 

^{U{Q,e)) . H*{U{Q),d) 

p q 
U{g, e) 

where the top map is the map u ^ u + ker d. The left hand map is an iso- 
morphism by Lemma 2.6. We have already observed, the right hand map is an 
isomorphism by [D^HK]. Hence the top map is an isomorphism too, showing 
that ker d = e)) © imd. □ 

We are now in a position to give the promised explicit isomorphism between 
?7(0,e) and C/(0,e). 

Corollary 2.9. The restrictions of the automorphisms S±p ofU(p) define mu- 
tually inverse algebra isomorphisms 

Sp : U{s, e) ^ UiQ, e), S^p : [/(g, e) ^ U{q, e). 

Proof. By Theorem 2.8^d(0(C/(g, e))) = {0} and d(^(I7(g, e))) = {0}. Thus 
by Lemma 2.6, (i((/)(S'^(?7(g, e)))) = {0}. So by Theorem 2.8 again, we have 
S(3{U{g, e)) C U{q, e). Similarly, we have S^p{U (g, e)) C C7(g, e). □ 
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Using Corollary 2.9 it is an easy matter to translate statements about U{q, e) 
into analogous statements about U{q, e). So for the remainder of the article we 
will just formulate things in the left-handed case. 

3. Associated graded algebras 

Finite W^-algebras possess two important filtrations. In this section we re- 
view the fundamental theorems describing the corresponding associated graded 
algebras; almost all of these results are due to Premet [PI, P2]. 

3.1. Restricted roots. For a G (t^)*, let fl^ = 0jgzfla(j) denote the a- 
weight space of g with respect to t*^. So 

= 00 e 0a 

where C (t^)* denotes the set of non-zero weights of on g. Similarly each 
of the spaces p, m, n, and t decomposes into f^-wcight spaces. In the language 
of [BG, §2], is a restricted root system. It is not a root system in the usual 
sense; for example, for a G there may be multiples of a other than ±a that 
belong to There is an induced restricted root decomposition 

0' = 00 © 0a 

of the centralizer q^. By [BG, Lemma 13], is also the set of non-zero weights 
of on g*^, so all the subspaces g^ = 0j>o0a(i) ^^^^ decomposition are 
non-zero. Moreover QaU) is of the same dimension as gl„(j); if j = this 
dimension is either or 1, but for j > the space Q%{j) can be bigger. 

Recall that is contained in f)^ = 0^(0). We define a dot action of f)*^, hence 
also of t^, on the vector space g by setting 

t-x:=[t,x], t-y-:=[t,yr, t ■ := [t, z]^ {t ■ f, z) := -{f,[t, z]) 

for t G [)^, X G g, y G z G n and fen*. Using the following lemma, it is routine 

to check that this extends uniquely to an action of on U(q) by derivations. 
Moreover the dot action leaves all the subspaces p,p and g'^ invariant, so there 
are induced dot actions on U{p), U{p) and U{g'^) too. 

Lemma 3.1. The adjoint action of f)^ on t preserves the form (.[.). 
Proof. We calculate 

{[t, x]\y) + {x\[t, y]) = x{[y, [t, x]] + [[t, y],x]) = x{[t, [y, x]]) 
= (e|[t, [y,x]]) = i[e,t]\[y,x]]=0, 

for t G f)"^ and x, y G fi. □ 

Let denote the Z-submodule of (i^)* generated by Using the dot ac- 
tion of we can also decompose all of the universal enveloping (super)algebras 
L'"(g), U{p), U{p) and U{q^) into weight spaces. For example: 

m = C/(p)a 
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where U(p)a = {u G U{p) \ t ■ u = a(t)u for all t € i^}. Recall the ly-algebra 
U{Q,e) is a subalgebra of U(p). 

Lemma 3.2. The dot action of i)^ on U{p) leaves U{Q,e) invariant. 

Proof. We first check that t - J C J ioi t E t)^. For this we need to show for any 
X G n that t- {x — x{x) — x"^*^) belongs to J. We have that x([t, x]) = (e| [t, x]) = 
{[e,t]\x) = as t centralizes e. Hence, 

t-ix- x{x) - xn = [t, x] - [t, xr = [t, x] - xi[t, x]) - [t, xr G J- 

Now to prove the lemma, we take u G U (g, e) , so [x — x'^^, u] & J for all x G n. 
We need to show for i G f)'^ that [x — x'^*^, t ■ u] e J for all x G n too. Using the 
Leibniz rule, we have that 

^[x-x''^u] = [^(x-x''^),^^] + [x-x''^^u] = [[t,x]-[t,x]'^^,u] + [x-x'^'',t-u]. 

As [t,x] G n, we know already that [[t,x] — [t,x]^'^,u] G J. As [x — x°°,u] G J, 
we deduce that t-[x — x'^^ju] G J too. Hence [x — x"*^, i • u] G J as required. □ 

Hence the dot action of induces a restricted root space decomposition of 
U{g,ey. 

Ui9,e)= U{9,e)a. 

Actually, we can do rather better: the following theorem due to Premet con- 
structs a canonical embedding of into U {q, e) such that the dot action of on 
U{q, e) coincides with its adjoint action via this embedding. This means that 
also acts on any U{g, e)-modulc; we will use this later on to define weight 
space decompositions of U{g, e)-modules compatible with the above restricted 
root space decomposition. To formulate the theorem following [P2, §2.5], let 
zi,... ,Z2s be a symplectic basis for t, so that = Sij for all 1 < z, j < 2s 

where 

^* _ f Zj+s for J = l,...,s, 
^ ' \ -Zj-s for j = s + 1, . . . , 2s. 

Theorem 3.3. There is a t^-equivariant linear map 6 : ^ U{p) such that 

o(^) = 1^+1 ^tii^' ^tr^r if^^ 

\ X otherwise, 

for each homogeneous element x G fl^ . The map 9 does not depend on the choice 
of basis zi, . . . , Z2s ■ Moreover: 

(1) [6{x),u] = X ■ u for any x G f)"^ and u G U(^); 

(2) [e{x),e{y)] = e{[x,y]) for each x,y G 0^• 

(3) 6{x) belongs to U{g, e) for every x G f)^. 

Proof. This is proved in [P2, §2.5] but we repeat the details since our setup 
is slightly different. It is routine that 9 is independent of the choice of the 
symplectic basis. Moreover, as the symplectic form on 6 is t^-invariant, we 
may choose the symplectic basis to be a t^-weight basis with the weight of Zi 
being the negative of the weight of z* for each i. It is then clear that 6 is 
t^-equi variant. 
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We next check (1) for a fixed x € f)^. Both the maps u i-^ [6(x),u] and 
u 1-^ X ■ u are derivations, so it suffices to check that [0{x),y] = x ■ y ioi each 
y G p and that [e{x), (z*)''''] = x ■ (z*)"^ for each j = l,...,2s. The first of 
these statements is obvious, since both [9{x),y] and x ■ y equal [x,y]. For the 
second, we calculate using Lemma 3.1: 

[e{x), {z*r] = i z:]\z*)zf^ + z*r 

= -2 E.([^, Z*]\zl)zf'^ + i[x, Z*]- = [X, Z]r- 

For (2), take homogeneous x,y & g^. If a; or y belongs to Q'^{j) for some j > 
then (2) is obvious so assume x,y E 'if. Then using (1) we get 

[e{x),e{y)] = X ■ e{y) = [x, y] + iEJ^, [y, ^T^' + ^EJy, 4r[^, ^r- 

Now we simplify the last term: 
Thus 

[e{x),e{y)\ = [x,y] + iEJ[^,y]><]"'^r = 

To check (3), take x G [)^. We need to show that [y — y'^'^,6{x)] G J for all 
y G n. If y G m, then [y — y^^, ^?(x)] = [y, x] G J, as x{[y^ A) = using the fact 
that X G 0*^. If instead y G 6, then using (1) we have that 

[y - y-, e{x)] = [y, x] + [0(x), y^] = [y, x] + x • y- 

= [y,x] + [x,y]°'^ = [y,x] -x(b,x]) - [y,x]"^ 

which does belong to J. □ 

Remark 3.4. One can modify the map 9 in Theorem 3.3 by composing with an 
automorphism of U (p) of the form x i-^ x + 77(x), y'"^ i-^ y'"^ for some character r] 
of p. Providing the character 5 in §4.1 below is replaced by (5 — ry, all subsequent 
results remain true exactly as formulated for 6 modified in this way. This extra 
degree of freedom will be useful when we discuss type A in §5.2 below. 

3.2. The Kazhdan filtration. Now we introduce the first important filtra- 
tion, working to start with in terms of the Whittaker model realization of 
the I^-algebra following [GG] . The Kazhdan filtration 

■■•CFiC/(0)CF,+i?7(g)C... 

on U{q) is defined by declaring that x G 0(j) is of Kazhdan degree [j + 2). 
So Fj U{q) is the span of the monomials xi • • • x„ for n > and xi G 
. . . , x„ G B(in) such that (ji + 2) + • • • + (j„ + 2) < i. The associated graded 
algebra gr U (g) is the symmetric algebra S{q) viewed as a graded algebra via 
the Kazhdan grading on g in which x G g(j) is of degree {j + 2). 
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The Kazhdan filtration on U (g) induces a filtration on the left ideal / and on 
the quotient Q = U{q)/I such that grQ = S{q)/ gri. We use the bilinear form 
(.|.) to identify S{q) with the algebra C[0] of regular functions on the affine 
variety g. Then grl is the ideal generated by the functions {x — x(a;) | x G m}, 
i.e. the ideal of all functions in C[q] vanishing on the closed subvariety e + m-*- 
of g. In this way, we have identified 

grQ = C[e + m^]. 

Let N be the closed subgroup of G corresponding to the subalgebra n. The 
adjoint action of on g leaves e + invariant, so we get induced an action 
of on C[e + m^] by automorphisms; the resulting action of n on C[e + m^] 
by derivations coincides under the above identification with the action of n on 
grQ induced by the adjoint action of n on Q itself. By [GG, Lemma 2.1], the 
action of A'' on e + m-*- is regular and the Slodowy slice 

gives a set of representatives for the orbits of on e + m-'- . So restriction of 
functions defines an isomorphism from the invariant subalgebra C[e+m-'-]^ onto 
C[e + g-^]. Finally, the Kazhdan filtration on Q induces an algebra filtration on 
so that gr((5") is identified with a graded subalgebra of grQ = C[e + m^]. 
Now the PBW theorem for Q" [GG, Theorem 4.1] gives: 

gr(Q") = C[e + m^]^^C[e + g^]. 

The next goal is to reformulate this PBW theorem for J7(g, e) directly. To do 
this, extend the Kazhdan filtration on U (g) to C/(g) by declaring that elements 
of arc of degree 1. Setting FjC/(p) := ?7(p) n Fj [/(g), we get an induced 
Kazhdan filtration on the subalgebra C/(p). We can obviously identify gr?7(g) 
and gr U (p) with 5(5) and 5'(p), both graded via the analogous Kazhdan grading 
in which x € g(j) is of Kazhdan degree j + 2 and y^^ G is of Kazhdan 
degree 1. The Kazhdan grading on p only involves positive degrees, so the 
Kazhdan filtration on U (p) is strictly positive in the sense that Fq f7(p) = C 
and Fj C7(p) = for ? < 0. We get an induced strictly positive filtration 

FoU{0,e)CFiU{0,e) C ... 

on U (g, e) such that gr U{q, e) is canonically identified with a graded subalgebra 
of gr C/(p) = S(p). The point now is that there is a commutative diagram: 

gri7(g) = 5(g) 

pr 

gr C/(g, e) = ^(p)"^ gr C/(p) = 5(p) C[e + m^] ^C[e + m^f 

res ^^^^^^"^^^ 

Sm ^^C[e + g/] 

There are several things still to be explained in this diagram. The algebra 
homomorphisms 5(g) C[e + m^] and 5(p) ^ C[e + Tn-*-] are induced by the 
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multiplication maps U{g) Q,u ^ u{l + 1) and U{p) Q^u ^ u{l + 1), on 
passing to the associated graded objects. Explicitly, they send x G g or p to 
the function z {x\z) and y^^ G to the function z iy\z). 

The homomorphism pr : S{q) S(p) is induced by Pr : U{g) U(p) 
on passing to the associated graded algebras. Explicitly, pr is the identity on 
elements of p and maps x G n to xi^) + x^^- The top triangle in the diagram 
commutes even before passing to the associated graded objects, as we observed 
that Pr('u)(l + I) = u{l + /) for u € U(q) in the proof of Theorem 2.4. 

The twisted adjoint action of n on U(q) induces a graded action of n on 
S{q) by derivations, such that a; G n maps y G to [a; — x^^,y]. This action 
factors through the map pr to induce an action of n on 5(p) by derivations, 
such that X G n maps y G p to pr([x — x"'', y]). We let S{p)^ denote the invariant 
subalgebra for this action. 

By Lemma 2.3, the map S{g) ^ C[e + m"*"] intertwines the twisted adjoint 
action of n on 5(g) with the action of n on C[e + m"*-] derived from the action 
of the group N. Hence the map 5(p) ^ C[e + m-*-] restricts to an isomorphism 
^(p)" ^ C[e + m-^]^. By Theorem 2.4 and the PBW theorem for Q", the 
isomorphism 5(p) ^ C[e + m-'-] maps gr ?7(g,e) isomorphically onto gr((5") = 
C[e + m-L]^. This shows that gr U{g, e) = S'(p)". 

Let C : S(p) S{g'^) be the homomorphism induced by the projection p ^ g*^ 
along the decomposition from Lemma 2.2. We have that 

i[f,x]\z) = {x\[z,f]) = ix\[e,f]) = ix\h)=0 
for all X G 0j>ig(i) and z ^ e + . So the image of any element of ker^ 
under the isomorphism ^(p) C[e + m"'"] annihilates e + g-^. Hence there is an 
induced homomorphism S'(g^) — * C[e + g-'^] making the bottom square in the 
diagram commute. This homomorphism maps x G g^ to the function z i-^ {x\z), 
from which it is easy to check that it is actually an isomorphism. 

Finally, we have already noted that the map res sends C[e + m"*"]^ isomor- 
phically onto the coordinate algebra C[e + g-'^] of the Slodowy slice. So the 
restriction of ( gives an isomorphism S(p)^ ^ S{g'^). This completes the justi- 
fication of the above diagram, and we have now derived the following convenient 
reformulation of [GG, Theorem 4.1]: 

Lemma 3.5. We have that gr U (g, e) = S'(p)". Moreover, the restriction of ( 
is an isomorphism of graded algebras 

c : sipr - si&n, 

where the grading on 5'(g^) is induced by the Kazhdan grading on g*^. 

The dot action of on p extends to an action on 5(p) by derivations, which 
coincides with the action induced by the dot action of on U (p) on passing to 
the associated graded algebra. Hence the t^-weight space decomposition 

S{P) = 5(p)« 
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satisfies gr(J7(p)a) = S(p)a- In view of Lemma 3.2, U{g,e) is a f^-submodule 
of U(p), hence grC/(g, e) = S{p)^ is a t^-submodule of S(p) and the induced 
decomposition 

grC/(5,e)= S(p)S 

satisfies gr(C/(g, e)^) = -^(p)". Now we can deduce the following PBW theorem 
for [/(g, e), which is essentially [PI, Theorem 4.6]. Wc remark that the original 
proof in [PI] involved lifting from characteristic p, whereas we are deducing it 
ultimately from [GG, Theorem 4.1]. 

Theorem 3.6. There exists a (non-unique) i^-equivariant linear map 

e:0^-^C/(0,e) 

such that Q{x) G Fj+2t^(s,e) and C(grj+2B(x)) = x for each x G 0*^0'), and 
0(t) = 6{t) for each t € f)*^. Moreover, if xi, . . . ,xt is a homogeneous basis of 

with Xi £ Q'^irii) then the monomials 

{e(xi,)...G(xiJ \k>0,l<ii<--- <ik<t,ni^ + --- + ni^ + 2k<j} 
form a basis for Fj U (0, e) {j > 0). 

Proof. Let xi,...,xt be a basis for with Xi G sini) of f^-wcight 7,4. As 
the decomposition from Lemma 2.2 is a direct sum of f^-modules, the isomor- 
phism C : S(p)" ^ S{g^) from Lemma 3.5 is a t^-equivariant isomorphism of 
Kazhdan graded vector spaces. For each i, let Xi G 5'(p)", be the unique ele- 
ment with ({xi) = Xi. So Xi belongs to gr„,^2(f^(S5 e)^. ). Hence there is a lift 
G(xi) G F„-+2 t/(0, e)^. with gr„._,_2 Q{xi) = Xj, i.e. C(gr„i+2 ©(a^i)) = a^i. More- 
over if = then by Lemma 3.3(3) we know that 0{xi) G F2C/(0, e)-y. and 
C(gr2^(a:j)) = Xi, so we can choose 0(xj) to be 9{xi). Now extend by linearity 
to obtain the desired map G. The final statement then follows immediately 
from Lemma 3.5. □ 

3.3. The good filtration. Now we turn our attention to the second filtration 
on J7(0, e), which we refer to as the good filtration. To define it, the good grading 
on p induces a grading on L'"(p). We extend this to the good grading 

j>0 

on U (p) by declaring that elements of are of degree 0. The subalgebra 
U{g, e) is not a graded subalgebra in general, but the good grading at least 
induces the good filtration 

F'o C/(0, e) C f; [/(g, e) C • • • 

on [7(0, e), where F^- C/(0,e) = U{Q,e) fl 0j<j C/(p)(i). The associated graded 
algebra gr'[/(0,e) is then canonically identified with a graded subalgebra of 
[/(p). Our goal is to identify this associated graded algebra with U{q^), a 
result which is a slight variation on [P2, Proposition 2.1]. 
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Lemma 3.7. Let 9 and Q be as in Theorems 3.3 and 3.6. For x € q'^U) we 
have that Q{x) G F^- U{q, e) and gr^- Q(x) = 6{x). 

Proof. Take / x € g^{j) for j > 0. Let x G S(p)^ be the unique element such 
that ({x) = X. We claim to start with that 

x = x (mod e„>2 5"(p)). 

To sec this, note C is a graded map with respect to the Kazhdan grading and x 
is in Kazhdan degree j + 2, so we certainly have that x = y (mod ©„>2 S"(p)) 
for some unique y € g{j) with ("(?/) = x. Now we just need to show that 
y centralizes e, i.e. ({y) = y. If not then [e,y] ^ 0, so we can find some 
z e g(-i - 2) such that ([e,y]|z) ^ 0. Then 

pTc{[y,z]) =xi[y,z]) = ie\[y,z]) = {[e,y]\z) ^0. 

On the other hand if xi ■ ■ ■ Xn is any monomial in ^"(p) of Kazhdan degree j + 2 
for some ra > 2, we have that 

n 

W{[xi ■■■Xn,z\) = 'Y^X-y- Xi-i pT:{[xi, z])Xi+i ■ ■ ■ Xn- 

1=1 

As ra > 2 we know that is of Kazhdan degree strictly smaller than j + 2, so 
[xi, z] lies in Q{k) for some k < —2. Hence pr([a;j, z]) = so pr([a;i • ■ ■ ar„, z]) = 
too. So pr([x,2;]) = pr([?/, z]) ^ 0. But x lies in ^(p)", so by the definition of 
the n-action we have that pr([2;, x]) = 0, giving the desired contradiction. 

Now to prove the lemma, take x € s'^(j)- If J = then 0(x) = 0{x) by 
Theorem 3.6, and the conclusion is clear. So assume that j > 0. We need 
to show that 0(x) = ^(x) + (f) where (f) belongs to ^i^jU(p){i). By the 
claim, the lift x is equal to x plus a linear combination of monomials of the 
form yi • • • yrzf^ • ■ ■ z^^ for r + s > 2 and elements yi G p(fci) and G with 

(fci + 2) H ^ {kr + 2) + s = j + 2. Hence the lift @{x) of x to U{q, e) is 

equal to x plus a linear combination of such monomials yi • • • yr-Zi'^ • • • z^^ plus 
some element u G Fj+i U (p) . Each yi • • • yrzf^ ■ • • Zg^ is of degree ki + - ■ ■ + kr = 

j—2r—s+2. As r+s > 2, we deduce that ki-\ \-kr is either zero or it is strictly 

less than j, so all the yi • • • yr^i*^ • • • z^^ terms belong to [/(p)(i). Finally 

the element u is itself a linear combination of monomials yi • • • Vrzf^ ■ ■ ■ z^^ with 
Ui G p(fei) and Zi e t such that (/ci + 2) + ■ • • + (/c^ + 2) + s < j + 1. Hence 
ki + ■■■ + kr < j — 2r — s + 1, so again wc have that ki + ■ ■ ■ + kr is cither zero 
or strictly less than j. This shows that u belongs to 0j<j U{p){i) too. □ 

Theorem 3.8. The homomorphism C/(0^) U{p) induced by the Lie alge- 
bra homomorphism 9 from Theorem 3.3 defines a i^-equivariant graded algebra 
isomorphism 

e:U{g')^gi'U{g,e), 
viewing U{q'^) as a graded algebra via the good grading. 

Proof. Pick and a homogeneous basis xi, . . . , xt for as in Theorem 3.6, so 
that the monomials Q{xi^) ■ ■ ■ Q{xif,) for all 1 < n < • • • < ife < t form a basis 
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for U{Q,e). Lemma 3.7 implies that 

e(xi J • • • e(xi J = •••XiJ + (t) 

where the first term on the right hand side hes in U{p){ni^ + • • • + Wj^,) and 
the term (f) lies in the sum of all strictly lower graded components. Hence the 
monomials {6{xi-^ ■ ■ ■ Xi^) | 1 < ii < • • • < ife < t} give a homogeneous basis 
for gr'{7(g,e). By the PBW theorem for the same monomials give a 

homogeneous basis for 0(C/(g^)). □ 

4. Highest weight theory 

This section contains the main new results of the paper. We are going to 
define Verma modules and explain their relevance to the problem of classifying 
finite dimensional irreducible ?7(g, e)-modules. 

4.1. "Cartan subalgebra". Recall from §3.1 that the restricted root system 
is the set of non-zero weights of on g = go ® ©ae*= 0"' '^^^ ^^'^'^ weight 
space go is the centralizcr of the toral subalgebra in g, so it is a Levi factor of 
a parabolic subalgebra of g. According to Bala-Carter theory [C, 5.9.3, 5.9.4], 
e is a distinguished nilpotent element of go, i.e. the only semisimple elements 
of go that centralize e belong to the center of go- It is also clear that h and / 
lie in go- 

By [BG, Lemma 19], our fixed good grading g = 0jg2 flO) coincides with the 
eigenspace decomposition of ad (h+p) for some element p E t^. Asp centralizes 
go it follows that the induced grading go = ©jg^ 00 (j) coincides simply with the 
ad /i-eigenspace decomposition of go- Of course this is another good grading for 
e, viewed now as an element of the smaller reductive Lie algebra go. Moreover 
by [C, 5.7.6] it is an even grading, which means that go = go, po = Po, Trio = Tio 
and io = {0}. In particular, the finite VF-algebra f/(go,e) associated to e G go 
is defined simply by 

U (go, e) := {u £U (po) | Pro([x, u]) = for all x G mo}, 

where lo is the left ideal of U (go) generated by the elements {x — x(a;) | x € mo}, 
and Pro is the projection along the decomposition U{qo) = ?7(po) © /q- This 
finite H/^-algebra is going to play the role of Cartan subalgebra in our highest 
weight theory. However, unlike in the case e = it does not embed obviously 
as a subalgebra of C/(g, e); instead we will realize it as a certain section. 

Before we can do this, we need to fix one more critically important choice: 
let q be a parabolic subalgebra of g with Levi factor go. We stress that there is 
often more than one conjugacy class of choices for q, unlike in the case e = 
when there is just one conjugacy class of Borel subalgebras containing t. In the 
language of [BG, §2], the choice of q determines a system of positive roots 
in the restricted root system <^>^, namely, := {a G $^ | g^ C q}. Setting 
$^ := we define g± := ©ag$| Qa, so that 

g = g_ego©g+, q = go©0+- 
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The choice of positive roots induces a dominance ordering < on (f^)*: n < X 
if A-/X G Z>o$^. 

In this paragraph, we let a denote one of g, p,p or g*^. Recall from §3.1 
that the dot actions of on a and its universal enveloping (super) algebra U{a) 
induce decompositions o = ao © 0Qe$e and U{a) = 0Q,gz$<= 
particular, ?7(o)o, the zero weight space of U{a) with respect to the dot action, 
is a subalgebra of U{a). Also let U{a)^ (resp. U{a)\,) denote the left (resp. right) 
ideal of U{a) generated by the root spaces Oq, for a G (resp. a G <l>!i). Let 

U{a)o,i := U{a)o n U{a)i, U{a\^o := U(a), n U{a)o, 

which are obviously left and right ideals of U{a)o, respectively. By the PBW 
theorem for non-linear Lie algebras, we actually have that 

hence f/(a)o,tt is a two-sided ideal of U{a)o. Moreover ao is a subalgebra of a, 
and by the PBW theorem again we have that U{a)o = U{ao) © U{a)o.^- The 
projection along this decomposition defines a surjective algebra homomorphism 

vr : U{a)o U{ao) 

with kerTT = J7(a)o,ti- Hence U{a)o/U{a)o,i = U{ao). 

We can repeat some but not all of the preceding discussion for the VF-algebra 
C/(0,e) itself. To make things as explicit as possible, let us choose a homoge- 
neous t^-weight basis /i, . . . , fm, hi, . . . ,hi,ei, . . . ,em oi so that the weight 
of fi is — 7i G $f_, the weight of Cj is ji G and hi,..., hi G gg; the 
weights 7i here are not necessarily distinct. Choosing an embedding Q as 
in Theorem 3.6, we get the corresponding elements Fi := @{fi) G [/(0,e)_-y. , 
Ei := e(ei) G U{Q,e\^, and Hj := e(hj) G U{Q,e)o. For a G Z^g, we write 
for F^^ . . . F^, and define and E"" for b G II^q and c G Z^q similarly. We 
get the following PBW basis for U{Q,e): 

{F^H^E" I a,c G Z^o>b G Z'>o}. 

The subspace U (g, e)^ in the restricted root space decomposition has basis given 
by all the PBW monomials F^H^E^ such that ^j(c.j — a,i)^i = a. 

Now we define U{Q,e)^ (resp. U{Q,e\) to be the left (resp. right) ideal of 
U{q, e) generated by . . . , E^ (resp. Fi,... , Fm)- Note that U (g, e)jj (resp. 
U{Q,e)\,) is cquivalently the left (resp. right) ideal of C/(g,e) generated by all 
U (g, e)a for a G (resp. a G $1), so it does not depend on the explicit choice 
of the basis. Set 

U (g, e)o,jt := U (g, e)o n [/ (g, e)^, U (g, e)b_o := U (g, e)i, n U (g, e)o, 

which are obviously left and right ideals of the zero weight space U{g,e)o, 
respectively. The PBW monomials F^H^E'^ with c 7^ (resp. a 7^ 0) form 

a basis of C/(g, e)jj (resp. [/(g,e)t,), and the PBW monomials F^H^E^ with 
^^(cj — ai)7j = form a basis of U{q, e)o. It follows that 
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hence it is a two-sided ideal of C/(g, e)o. Moreover the cosets of the PBW mono- 
mials of the form form a basis of the quotient algebra i7(0, e)o/C/(g, e)o,t|. 
However the PBW monomials need not span a subalgebra of U{q, e), unlike 
the situation for the algebras U (a) discussed earlier. 

The goal now is to prove using the BRST cohomology definition of the W- 
algebra that ?7(0, e)o/f/(0, e)oj is canonically isomorphic to U{Qo,e). The iso- 
morphism involves a shift in the spirit of Corollary 2.9: let 

7:= E '^^= E ^^ + 5 E 

l<i<r l<i<r l<i<r 

di>2 di=l 

recalling from §2 that 61, . . . , 6^ is a homogeneous basis for n with 6j € Bi~di) 
of weight Pi et*. 

Lemma 4.1. 7 and S extend uniquely to characters o/po- 

Proof. For x £ [)o, adx leaves the subspace n_ = ©„g$e ria invariant, so the 
map 

7 : f)o ^ C, a:: 1-^ tr(ada;|n_) 
is a well-defined Lie algebra homomorphism with 7(0;) := tr(ada;|„_). Extend- 
ing by zero on the nilradical of po, this defines the required homomorphism 
7 : po — C. The construction of S is similar. □ 

Lemma 4.2. The following diagram commutes: 

U{9h) U{p)o 

U{Po) U{po). 

Proof. Take x G 0g(j)- If j > then 5_^(7r(6l(x))) = x = S-s{x). Now 
assume that j = 0, i.e. x G f)o- As to = {0}) we can choose the elements 
zi, . . . ,Z2s from Theorem 3.3 so that zi, . . . ,Zs (resp. Zg+i, . . . , Z2s) belong to 
negative (resp. positive) t^-root spaces. Then 

7r{e{x)) = 7r(x + i zlLiix, z:r^n = vr(x + i zUii^, ^:r^) 
= ^(^ + 1 ELi ^n^, + h ^nh)) 

noting that j{x) — 6{x) is the trace of ^adx on = 0Qg$e ta- Hence 
S-^{Tr{9{x))) = S-s{x) as required. □ 

Theorem 4.3. The restriction of S-^y ott : U (p)o U{po) defines a surjective 
algebra homomorphism 

7r_^ : U{g,e)o U{go,e) 
with kerTT--^ = ?7(0,e)o,tt. Hence C/(0, e)o/C/(0, e)o,« = J7(go,e). 
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Proof. Consider the following diagram: 
U{d,e)o C/(p)o — 



U{p)o 



U{Po) 
<t>o 

UiPo) 

do 

U{9o) 



We have already constructed the horizontal maps. Prom top to bottom, they 

have kernels ?7(p)o.;- f/(p)o,tt a-^d ?7(g)o,tt- For the vertical maps, recall the 
derivation d : U(q) U(q) and the homomorphism (p : U{p) ^ U{p) from 
§2. One checks that both of these are t^-equivariant, hence they restrict to give 
the maps d and <p in the diagram. The maps do and (j)o come from the analogous 
maps for the reductive subalgebra 0o- 

We first verify that the top square commutes. As (p is t^-invariant, it maps 
L'"(p)o,t| into U (p)o,tt- Hence the top square commutes on restriction to U (p)o,tt) as 
we get zero both ways round. Since U{p)o = U{p)o®U{p)o^^ it remains to check 
the square commutes on restriction to U{po). So take x G po. Introduce the 
shorthands and for the sums over all 1 < i < r such that f3i\te G and 
Pilie = 0, respectively. Both J2tMbi,x]''^ and Y.i[bi,x]''^fi belong to ?7(p)o,jj, 
hence map to zero under tt. So we get 

7r{<f>{x)) = 7r(x + Eifi[bi,xr'') = 7r(x + E°/4&i,^]'^ + E^~/i[&^, ^l''^) 

= 7r(</.o(x) + + E~[&i,^]'Vi) 

= Mx) - Ynifi, [x,hi]) = Mx) - l{x) = (t)o{S-j{Tr{x))). 

Next we check that the bottom square commutes. Again d is t^-equivariant 
so maps C/(p)o,jj into U{q)o^^, hence the bottom square commutes on restriction 
to i7(p)o,t|. It remains to check it commutes on restriction to U{po). Recalling 
po = Po®Trio©iTio^, it suffices to consider elements x e po, f G m.Q and y'^^ G nio'. 
In the first case we calculate: 

7T{d{x)) = 7r{j:^Ji[bi,x] + Y:tMbu^] + J:7fi[bi,x]) 

= 7r(do(x) + J2i[bi,x]fi) = do(7r(x)). 

The second case is very similar. The calculation in the third case is as follows: 

7r(d(/'^)) = TT{y - x{y) - y"^ + fiK 2/]'^ = 7r(do(y^N + E^" fiK yf'') 

= doly^*^) - 7r{^-[bi,yr''fi + ^7{fi, [y, bi])) = doiniv-'^)), 

noting each (/;, = by degree considerations. 

Now Theorem 2.8 gives that d{(l){u)) = for all u G U (g, e)o. By the commu- 
tativity of the diagram we deduce that do(</>o(5'_^(7r(?x)))) = for all such u. By 
Theorem 2.8 again, we have that U{Qo,e) = G C/(po) \ do{4'oiu)) = 0}. Hence 
S-^{7r{U (g, e)o)) Q U{qo, e), showing that the restriction of 5_^o7r defines an al- 
gebra homomorphism 7r_-y : {7(g,e)o — > U{go,e). Moreover ?7(g,e)o,tt ^ U{p)q^^ 
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SO J7(0,e)o,(| C ker7r_-y. Recall that the quotient ^/(g, e)o/C/(0, e)o,tj has basis 
given by the cosets of the PBW monomials with b € Z>q. Therefore to 
complete the proof it suffices to show that the monomials 7^-^(11^) G U{go,e) 
actually form a basis for for U{qo, e), since that shows simultaneously that 7r_-y 
is surjective and that its kernel is no bigger than U (g, e)o,p. 

By Lemma 3.7, = e{h^) + (f) where h}" := h\' ■ ■ ■ h\' and (j) denotes 
a linear combination of terms of strictly smaller degree in the good grading. 
Applying 7r_^ using Lemma 4.2, we deduce that 7r_^(i?^) = S^s{h^) + (t) 
where (|) consists of lower degree terms. Recalling that gr'C/(gO)e) = t/(0o) 
by Theorem 3.8, we see by the PBW theorem for U{Qq) that the monomials 
7r_^(ii"^) for all b G Z>q do indeed form a basis for C/(go, e). □ 

4.2. Verma modules. Recall the embedding 6 : ^ U{q, e) from Theo- 
rem 3.3 and the weight S from §4.L For a U{q, e)-module V and A G (t^)*, we 
define the X-weight space 

Vx:= {v eV \{e + 5){t)v = X{t)v for all t G f}. 

By Theorem 3.3(1) we have that U{g,e)aVx C Vx^a- In particular each Vx 
is invariant under the action of the subalgebra U{g,e)o. We say that Vx is 
a maximal weight space of V if U{Q,e)^Vx = {0}. For example, if A is any 
maximal weight of V in the dominance ordering, i.e. V\ ^ {0} and = {0} 
for all fJ, > X, then Vx is a maximal weight space of V. 

Let Vx be a maximal weight space in a U{q, e)-module V. Then the action of 
U{q, e)o on Vx factors through the map 7r_^ from Theorem 4.3 to make Vx into 

a U{qo, e)-module such that um. = vr f(u)m for u ^ U (g, e)o and m G Vx- Note 

also that is a Lie subalgebra of U(Qo,e) (since even lies in the center of 
U{po)), so we get another action of on Vx by restricting the i7(0O) e)-action. 
By Lemma 4.2 this new action satisfies 

tv = X{t)v 

for all t G i*^. This explains why we included the additional shift by S in the 
definition of the A-weight space of a U{q, e)-module. 

We say that a U{q, e)-module F is a highest weight module if it is generated by 
a maximal weight space Vx such that Vx is finite dimensional and irreducible as 
a U{qo, e)-module. In that case, as we will see shortly, A is the unique maximal 
weight of V in the dominance ordering. Let 

{Fa I A G C} 

be a complete set of pairwise inequivalent finite dimensional irreducible U (qq, e)- 
modules for some set JC. If F is a highest weight module generated by a maximal 

weight space Vx and Vx — Va for A G C, wc say that V is of type A. 

Since U{Q,e)^ is invariant under left multiplication by U{q, e) and right mul- 
tiplication by U{Q,e)o, the quotient U{g,e)/U{Q,e)^ is a {U{Q,e),U{g,e)o)- 
bimodule. Moreover the right action of U{Q,e)o factors through the map tt-^ 
from Theorem 4.3 to make U{Q,e)/U{Q,e)^ into a (C/(fl, e), [/(go, e))-bimodule. 
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For A G £ we define the Vermxi module of type A by setting 

M(A, e) := {U (g, e)/U (g, e)„) ^A- 

We are going show that this is a universal highest weight module of type A, 
meaning that M(A, e) is a highest weight module of type A (in particular it 
is non-zero) and moreover if V is another highest weight module generated 
by a maximal weight space V\ and / : — > Va is a [/(go, e)-module isomor- 
phism then there is a unique U{q, e)-module homomorphism / : M(A, e) 
extending /. Recall the PBW basis for C/(g, e) fixed in §4.1. 

Lemma 4.4. As a right U{Qo,e) -module, C/(g, e)/[/(g, e)(j is free with basis 
{F-\aeZ^,}. 

Proof. This follows because the cosets of the PBW monomials of the form F^H^ 
give a basis for the quotient U{Q,e)/U{Q,e)^ and the cosets of the monomials 
of the form give a basis for U (g, e)o/U (g, e)o,ti — U (go, e). □ 

Theorem 4.5. Given A G C, let vi, . . . ,Vk be a basis for Va and A be its 

-weight. 

(1) The vectors {F"^ (g) | a G Z^g, 1 < i < k} give a basis o/M(A, e). 

(2) The weight A is the unique maximal weight o/M(A, e) m the dominance 
ordering, M(A, e) is generated by the maximal weight space M{A,e)\, 
and M{A,e)x = V\ as U{Qo,e) -modules. 

(3) The module M(A, e) is a universal highest weight module of type A. 

(4) There is a unique maximal proper submodule R{A,e) in M(A, e), 

L(A,e) := M(A, e)/i?(A, e) 

is irreducible, and {L(A, e) \ A G C} is a complete set of pairwise in- 
equivalent irreducible highest weight modules over C/(g, e). 

Proof. (1) This is clear from Lemma 4.4. 

(2) The basis vector F^ (g) Vi is of weight A — <^*7«- Hence the A- weight 
space of M(A, e) is 1 Va. and all other weights of M(A, e) are strictly smaller 
in the dominance ordering. 

(3) By (l)-(2) M(A, e) is a highest weight module of type A. Let V be 
another highest weight module generated by a maximal weight space and 
/ : Va ^ be a C/(go, e)-module isomorphism. By comparing t^-actions we 
get that fi = X. By adjointness of tensor and hom / extends uniquely to a 
C/(g, e)-module homomorphism / : M(A, e) V such that /(I Vi) = f{vi) 
for each i. As /(I ® V\) = fiV\) generates V, we get that / is surjcctive. 

(4) Let AT be a submodule of M(A, e). Then N is the direct sum of its t^- 
wcight spaces. If Nx ^ then Nx generates all of 1 Va as a U{qo, e)-module, 
hence it generates all of M(A, e) as a {7(g, e)-module. This shows that if A'' 
is a proper submodule then it is contained in 0^<;^ M{A, e)^. Hence the sum 
of all proper submodulcs of M(A, e) is still a proper submodule, so M(A, e) 
has a unique maximal submodule R{A, e) as claimed. By (3) any irreducible 
highest weight module V of type A is a quotient of M(A, e), hence V = L{A, e). 
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Moreover A is the unique maximal weight of L(A, e) by (2) and L{A, e)\ = V\ 
as i7(go, e)-modules. Hence A is uniquely determined by V. □ 

Corollary 4.6. Let £+ := {A G i2 | dimL(A, e) < oo}. Then the modules 
{L(A, e)|A G give a complete set ofpairwise inequivalent finite dimensional 
irreducible U{Q,e) -modules. 

Proof. Any finite dimensional irreducible U{q, e)-module L has a maximal 
weight A. Moreover by irreducibility L is generated by any irreducible U{qq, e)- 
submodule of Lx. Hence L is an irreducible highest weight module. Now apply 
Theorem 4.5(4). □ 

Unfortunately we have absolutely no idea how to give an explicit combina- 
torial parametrization {Va | A G of a complete set of pairwise inequivalent 
finite dimensional irreducible J7(g0) e)-modules unless the distinguished nilpo- 
tent element e of flo is actually regular. We will discuss the regular case in more 
detail in §5.1. 

4.3. Central characters. Let Z{q) denote the center of U{g) and Z{g, e) de- 
note the center of ?7(g, e). It is easy to sec that the restriction of the linear map 
Pr from §2 defines an injective algebra homomorphism Pr : Z(q) ^ Z(q, e). As 
explained in the footnote to [P2, Question 5.1], this map is also surjective, so 
it is an algebra isomorphism 

Pr:Z(0)^Z(0,e). 

A U{q, e)-module V is of central character -0 : Z{q) ^ C if Pr(z)v = il){z)v for 
all z G Z{q) and v . Analogously for go we have the isomorphism 

Pro : ^(go) ^ ^(go,e), 

and we say that a J7(go, e)-module V is of central character ifjQ : .Z'(go) C 
if Pro(2;)u = i^{j{v) for all z G •Z'(go) and v € V. We want to relate the 
central character of an irreducible highest weight module over U (g, e) to the 
central character of its maximal weight space over U{Qo,e). Wc remark that 
the surjectivity of the map Pr will not be used in any of the arguments below 
but the surjectivity of Pro is essential; if e is regular in go then the surjectivity 
of Pro is already clear from [K, §2]. 

Let <5 (resp. <I>o) denote the root system of g (resp. go) with respect to t and 
W (resp. Wo) be the corresponding Weyl group. Let ^± := {a G $ | a\ie G 
so that 

$ = $_ U $0 U 

corresponding to the decomposition g = g^ © go © g+- We stress that is 
not a positive system of roots in $; we reserve the notation for such a thing 
below. For each a G fix a non-zero vector Xa in the a-root space of g and 
let := 2a/{a\a) G t*. 

Now we define Harish-Chandra isomorphisms 

v&:Z(g)^5(t)^, *o : ^(go) ^ 5(1)^^° 
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for Q and go as follows. Let be any system of positive roots in $ and set 
$q" := n $0, which is a system of positive roots in $o- Set 

The first term on the right hand side of the definition of po is orthogonal to all 
the roots in $0) it should be viewed as a shift in origin for the definition of ^o- 
Then, the Harish-Chandra isomorphisms ^ and ^'o are determined on z G Z(q) 
and zo G Z{qo) by the equations 

z = Spi^iz)) (mod Uig)xa), 

zo = Sp^{-^oiz)) (mod 5^^g^+i7(0o)xa). 

Although the definitions of and ^'o involve the choice of it is known 
by [D, 7.4.5] that the Harish-Chandra isomorphisms ^ and ^'o are actually 
independent of this choice (though ^'o does depend on the choice of because 
of the shift of origin in defining pq). 

Theorem 4.7. There is a unique embedding c : Z{g) ^ Z{go) such that the 
following diagram commutes: 

Z{g,e) Z{g) 5(t)^ 

■"■-7 C L 

Z{9o,e) Z(0o) 5(t)^o 

Here, i : >S'(t)'^ ^ <S'(t)'^° denotes the natural inclusion. 

Proof. Given o", r G {+,0, — } let $o-(t) denote the set of all a G $„- such that 
the degree of Xa in the good grading is positive, zero or negative according 
to whether r = +,0 or — , respectively. Note that <&cr(T) = — $_ct(— r), in 
particular, $o(0) is a closed subsystem of <E> (it is the root system of the reductive 
Lie algebra f)o)- Pick a system (0) of positive roots in $o(0). Then set 

:= $+(0) U $+(0) U $+(-) U $o(-) U $_(-), 

which is a system of positive roots in $. Using this choice we define the weights 
p, Pq and the Harish-Chandra isomorphisms ^'o, as explained above. So 

P=kE W(o) u $+(0) U $+(-) U <I>o(-) U $.(-)) , 

po = ^ E (^+(+) u $+(0) u $+(-) u $+(0) u $o(-)) . 

Recalling the weight 7 from §4.1, we deduce that 

P - Po = ^ E ^-(-) - 5 E ^+(+) = E ^-(-) = 7- 

Now we need to fix some PBW bases. Let ti, . . . ,tnhe a basis for t. Also enu- 
merate the elements of $^(0) as ai, . . . , as, the elements of <l>o(— ) as . . . , f3q, 
the elements of ^>+(— ) U $_(— ) as . . . ,f3r, and the elements of <l>+(0) as 

ui, . . . jVp. Order the basis {ti,Xa | 1 < i < n, a G of g so the come 
first, then the x-i,., then the x-^., then the ti, then the Xq,., then the x,y., then 
the Xj3^. This ordering determines a corresponding PBW basis for U{q). Using 
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the same ordering on the basis {tj, Xq, | 1 < i < n, a G <I>o} of go we also get a 
PBW basis for U{qo). 

We next calculate Pro(-2;o) for any zq G Z{qo). We can write 

Zo = S'po(^'o(2o)) + '■'0 + '^0 

where S'p,, (^'o(^o)) € ^{t), uq is a linear combination of ordered PBW mono- 
mials ending in (1 < i < s) and vq is a linear combination of ordered 
PBW monomials ending in X/j. (1 < z < g). As is central it is of degree 
in the good grading. Hence S'p,, (^'o(^o))) i^o and vq are all of degree too. 
Note uq only involves products of the basis vectors , ■ ■ ■ , on the positive 
side, all of which are of degree 0. Hence it can only involve products of the 
basis vectors X-a^ , ■ ■ ■ , X-a^ on the negative side because each x^p^ X-p^ 
is of strictly positive degree. Hence uq G f7(l)o) and Pro(S'po (^'o(-Zo)) + ^^o) = 
Spq{'^o{zo)) + Uq. To compute Pro(fo), our PBW monomials are ordered so 
that the basis vectors Xfs^, . . . ,Xf3^ for mo appear on the right hand side, so 
we simply replace each x^. by the scalar Since all xp. are of strictly 

negative degree, it follows that Pro(fo) is of strictly positive degree. We have 
shown that 

Pro(zo) =5po(^'o(zo))+uo + Pro(fo) G ^(0o,e) C U{po) 

with Sp,{^o{zo)) € S{t), uo G Ei=i t/(f)o)xa, and Pro(t;o) G E,>o ^(Po)(i)- In 
particular we see from this that zq can be recovered uniquely from Pro(2;o): it 
is the unique element of Z{qq) such that 

S,„(*o(zo)) ^ Pro(zo) (mod ELi ^(f)o)^a, + E,>o ^(Po)(i)). 
Instead take an element z G Z{q). We expand it as 

z = Sp{^{z)) +t + u + v 

where Sp{^{z)) G 5'(t), t is a linear combination of ordered PBW monomials 
ending in Xq,. (1 < i < s), w is a linear combination of ordered PBW monomials 
ending in x^,. (1 < i < p), and u is a linear combination of ordered PBW 
monomials ending in x/3^ (1 < i < r). We apply the map Pr and argue just like 
in the previous paragraph to get that 

Pr(z) = Spi^iz)) +t + u + Fv{v) G Z(0, e) C U{p)o 

where Sp{^{z)) G 5(t), t G Et=iU{i))xa„ u G Y.!=iUii))x,, and finally 
Pv{v) G U(p)t^^ + Ej>o^(P)0)- Next we apply the graded homomorphism 
S-j o TT : C/(p)o U{po) to this. It annihilates U(i))xt,^ and U(p)o D U(p)t'^^. 
So we deduce recalling Theorem 4.3 that 

7r_-,(Pr(z)) = S.^{Sp{{^{z)))+we Z{Qo,e) 

for w G Ei=i ^{^o)xai+J2j>o ^ (Po)(i)- Using the last sentence of the previous 
paragraph and the fact from [P2] that Pro : Z(qo) ^ Z(go,e) is surjective, we 
deduce that 7r_^(Pr(z)) = Pro(zo) where zq is the unique element of Z{qo) 
such that Spq{"^o{zo)) = S-^{Sp{'^{z))). Equivalently, by the first paragraph, 
*o(^o) = ^(z). 
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Now we can prove the theorem. Since ^ and ^'o are isomorphisms, there 
is obviously a unique map c so the right hand square commutes. For the left 

hand square, wc have shown for z € -^(fl) that 7r_^(Pr(z)) = Pro(zo) where 
^o(-2o) = ^(-2)- This means that zq = c(z) hence 7r_^(Pr(z)) = Pro(c(2;)). □ 

For A G >C, Schur's lemma implies that Z^^q^ e) acts diagonally on A. Let 
V'o : -2^(00) — ^ C be the resulting central character, i.e. Pro(2:)f = iIjq{z)v for 
all z e Z{qo) and v e A. Let tp^ : Z{q) C denote V'o ° c. 

Corollary 4.8. Let V be a highest weight U{Q,e) -module of type A G £. Then 
V is of central character ijj^ : Z{g) —>■ C 

Proof. Say V is generated by its maximal weight space V\ and f '■ Va ^ V\ 
is an isomorphism of [/(gO) e)-modules. For z G Z{g) and v G Va., the theorem 
implies that 

Pr:{z)f{v) = f{7T.^{Fr{z))v) = f iFvo{c{z))v) = V^(c(z))/(^). 

Hence Pr(z) acts on Vx as the scalar tl^^^z). Since F\ generates F as a U{g,e)- 
module it follows that Pr(z) acts on all of V as il^^{z). Hence V has central 
character ■0^. □ 

Remark 4.9. Given in addition a weight o G t* orthogonal to all the roots in 

<I>, one can modify the above definitions of p and po by adding o G t* to them 
both ("change of origin"). Providing one also adds o to the weight e defined in 
§5.1 below, all our subsequent results remain true as stated. The point is that 
although adding changes the Harish-Chandra isomorphisms and ^0, hence 
also the parametrization of central characters, it does not affect the maps c or 
L in Theorem 4.7. 

4.4. Category 0{e). We want to prove that Verma modules have finite length. 
This is not a hard result if e is regular in qq, but to prove it in general we need 
to appeal to some recent results of Losev. We first recall a little more of the 
background for this. Let [ be a Lagrangian subspace of t (for example a natural 
choice is [ := ^+ = 0ag$e^ fia). Define the left ?7(g)-modulc Q[ = U{q)/I[ and 

the algebra Q^®' as in Remark 2.1. It is obvious from the definition of Q^®^ 
that there is a well-defined multiplication map 

Ql Q|"®' ^ Qu {u + Ii) 0{v + /[) ^uv + Ii 

making Qi into a ([/(g), (5["®')-bimodule. Identifying QJ"®' with C/(0,e) using 
the isomorphism from Remark 2.1 and the isomorphism from Theorem 2.4, 
this makes Qi into a (^/(g), ?7(0, e))-bimodule too. 

Let C(e) denote the category of all left U (g, e)-modules. Let >V(e) denote 
the category of all g-modules on which x — x{x) acts locally nilpotently for all 
X G m© [. Note Qi belongs to >V(e), hence tensoring with this bimodule defines 
a functor 

Qt®c/(0,e)?:C(e)^>V(e). 
The important Skryabin's theorem asserts that this functor is an equivalence of 
categories; see [S] or [GG, Theorem 6.1]. 
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Hence if L is any irreducible U (g, e)-module then Qi®u{g,e)L is an irreducible 
[/"(g)-module, and its annihilator Ann[/(g)(Q[ (g)[/(g g) L) is a primitive ideal of 
U{q). For any primitive ideal P of we let V14(P) C g denote its associated 

variety; see e.g. [J, §9]. It is known that VA{P) is the closure of a single 
nilpotent orbit in g; see [J2, 3.10]. By [P2, Theorem 3.1] and [L, Theorem 
1.2.2(ii),(ix)], it is known for any irreducible ?7(g, e)-module L that 

V^(Ann{;(g)(Qi ®u{s,e) L)) 2 
with equality if and only if L is finite dimensional. 

Theorem 4.10. The number of isomorphism classes of irreducible highest 
weight modules for U{Q,e) with prescribed central character ip : Z{g) — >■ C 
is finite, i.e. the set {A €z C\ V'^ = V'} finite. 

Proof. By Corollary 4.8, = ip implies ipQ = i/jq for some central character 
ipo : .Z'(go) C such that ipQO c = if). Each VF-orbit in t* is a union of finitely 
many VFo-orbits, hence there are finitely many such ijjQ. Therefore it suffices to 
prove for each • -^(flo) ~^ C that the set {A G £ | = iI>q} is finite. In other 
words, replacing g by go, we may assume that e is a distinguished nilpotent 
element in g and need to prove that the number of isomorphism classes of 
finite dimensional irreducible C/(g, e)-modules with fixed central character ijj is 
finite. This statement is immediate if e is regular in g by [K, §2]. In general 
we use [L, Theorem 1.2.2], as follows. The map sending L to Ann^(ge)(L) 
induces a bijection between isomorphism classes of finite dimensional irreducible 
U (g, e)-modules of central character and primitive ideals of U (g, e) of finite 
codimension that contain Pr(ker ^/^). So we just need to show there are finitely 
many such primitive ideals. By [L, Theorem 1.2.2(ii),(iii)], if P = Ann[/(-g e) (-^) 
is a primitive ideal of U{q, e) containing Pr(ker ^) then Ann[7(g)(Q[(8>[/(g g) L) is 
a primitive ideal of U{q) containing ker -0. A well known consequence of Duflo's 
theorem [Du] is that there are only finitely many such primitive ideals in U (g). 
Hence there are only finitely many possibilities for P thanks to [L, Theorem 
1.2.2(vi),(vii)]. □ 

Corollary 4.11. For each A E C, the Verma module M(A, e) has a composition 
series. 

Proof. Imitate the standard argument in the classical case from [D, 7.6.1], using 
Corollary 4.8, Theorem 4.5(l)-(2) and Theorem 4.10. □ 

Now we introduce an analogue of the Bernstein-Gelfand-Gelfand category 
O: let 0{e) = 0(e;t, q) denote the category of all finitely generated U{g,e)- 
modules V that are semisimple over with finite dimensional -weight spaces, 
such that the set {A € (t*^)* | Vx ^ {0}} is contained in a finite union of sets of the 
form {y G (t^)* | < /x} for /x G {i^)* . As ?7(g,e) is Noetherian, 0{e) is closed 
under the operations of taking submodules, quotients and finite direct sums. 
The following statement follows routinely from Corollary 4.11 and Theorem 4.5. 

Corollary 4.12. Every object in 0{e) has a composition series. Moreover the 
category 0{e) decomposes as 0{e) = ®^0^{e), where the direct sum is over 
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all central characters : Z{g) — > C, and 0^{e) denotes the Serre subcategory of 
0{e) generated by the irreducible modules {L(A, e) | A G £ such that ijj^ = ^}. 

In particular, this shows that the irreducible objects in 0{e) are all of the 
form -L(A, e) for A e C In the case e = 0, 0{e) is the usual BGG category O 
for the semisimple Lie algebra g with respect to the maximal toral subalgebra t 
and the Borel q. At the other extreme, if e is a distinguished nilpotent element 
of Q, then 0{e) is the category of all finite dimensional U{g, e)-modules that 
are semisimple over the Lie algebra center of g. 

Remark 4.13. If e is a distinguished but not a regular nilpotent element 
of Q then U{q, e) has primitive ideals of infinite codimension by [L, Theorem 
1.2.2(viii)] and [P2, Theorem 3.1]. So there is no chance in this case that every 
primitive ideal of U{q, e) is the annihilator of an irreducible highest weight 
module in our narrow sense (finite dimensional weight spaces). 

5. Special cases 

In this section we specialize further. First we discuss the case that e is of 
standard Levi type in the sense of [FP], i.e. it is a regular nilpotent element of 
go. In particular, we will formulate a precise conjecture for the classification 
of finite dimensional irreducible U (g, e)-modules in standard Levi type. Then 
we prove this conjecture for the standard choice of positive roots in type A, by 
translating some results from [BK2] into the present framework. We continue 
with the notation from the previous section; in particular, recall we fixed a 
parabolic subalgebra q with Levi factor go in §4.1. 

5.1. Standard Levi type. Assume from now on that e is a regular nilpotent 
element of go- In that case, by [K, §2], the map Pro is an isomorphism 

Pro:Z(go)^C/(go,e)- 
As wc have already observed in §§4.3-4.4, many things in the theory are simpler 
under this assumption. To start with, po is actually a Borel subalgebra of go 
with opposite nilradical Uq. Let * and *o be the Harish- Chandra isomorphisms 
for g and go, defined as in §4.3. Recalling that = {a G $ | a\ie G is the 
set of roots corresponding to the nilradical 0+ of q, let 

l<i<r 
/3i|te=0 

This is just the weight po from §4.3 for the system of positive roots in $0 
corresponding to the Borel subalgebra t©no of go (though wc don't necessarily 
want to fix this choice). With this in mind, the following lemma is essentially 
[K, Proposition 2.3]: 

Lemma 5.1. Let^ : U{po) S{i) be the homomorphism induced by the natural 
projection po ^ t- Then the restriction of S^^o^ defines an algebra isomorphism 

e-e:C/(0o,e)^-S(t)^° 

such that ^0 = ^-e ° Pro ■ 
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We can now define an explicit set L parametrizing the Verma modules 
M(A, e) and the irreducible highest weight modules L(A, e) for [/"(g,e): define 

C ■= e/Wo = Spec(S(t)^°). 

Thus each A G £ is a Wo-orbit of weights in t*. For each A G let Va 
denote the one dimensional irreducible ?7(go, e)-module obtained by lifting the 
irreducible 5 (t)'^'^ -module corresponding to A through the isomorphism : 
U{go,e) S{t)^° from Lemma 5.1. Also fix finally a Borel subalgebra bo of 
00 containing t and let 

b := bo ©0+, 

which is a Borel subalgebra of g contained in the parabolic q. Let $q and 
= U be the systems of positive roots in $o and $ corresponding to 
bo and b. Let p '■= \ Yla&^+ ^- A G t*, let C^-p be the one dimensional 
t-module of weight A — p. Let 

M(A) := U{q) ®u(b) Ca-p 

denote the usual Verma module for g of highest weight (A — p), with unique 
irreducible quotient L{X). Note by Corollary 4.8 and Lemma 5.1 that the central 
character of L(A, e) is equal to the central character of L(A) for any A G A. 
All other notation used below is as explained in §4.4. 

Conjecture 5.2. For A G £, pick A G A such that {\\a^) ^ Z>o for each 
a G $0"- Then L(A, e) is finite dimensional if and only if 

VA{kn^uUL{\))) = G~e. 

We will verify this conjecture in type A (for the standard choice of positive 
roots) in Corollary 5.6 below. To formulate a stronger conjecture which was 
inspired by ideas of Premet, let 

u := no © 0+, 

which is a maximal nilpotent subalgebra of contained in q. Note that x 
restricts to a character of u. Let 0{x) = ©(x;!, q) denote the category of all 
finitely generated 0-modulcs M that are locally finite over Z{q) and semisimple 
over t^, such that x — xix) acts locally nilpotently on M for all x G u. This is the 
category M{x) from [MS] (with n there equal to our u) except we have added 
the mild extra condition that the center of the Levi factor of q containing t acts 
semisimply. In the case x = we note that 0{x) is the usual EGG category 
O again. To define the basic objects in the category 0{x), let R denote the 
quotient of U{q) by the left ideal generated by all {x — x{x) \ x G u}. This left 
ideal is invariant under right multiplication by elements of U{qq, e), hence R is 
a [U (0), U (00, e))-bimodule. For A G set 

M(A,X) ■=R®U{»,,e)VK, 

naturally an object of 0{x) of central character ij)^. In [MS, §2], it is shown 
that M(A,x) has a unique irreducible quotient L(A, x), and that every object 
in 0{x) has a composition series involving only the L(A, %) as composition 
factors. 
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Conjecture 5.3. There is an equivalence of categories W : 0(x) ~^ ^{^) such 
that WM{A, x) = M(A, e) and WL(A, x) = L{A, e) for each AeC. Moreover, 
W should respect annihilators in the sense that 

Annc;(g)(M) = Annt;(g)(Q[ 0u{s,e) WM) 

for each M eO{x)- 

We point out that Conjecture 5.2 follows from Conjecture 5.3. Indeed, using 
[MS, Theorem 5.1], one can check for A € A as in Conjecture 5.2 that 

Ann[/(g)(L(A,x)) = Ann,7(g)(L(A)). 

By Conjecture 5.3 we get that Ann[/(g-)((5[ 'Siu{Q,e) L{A,e)) = Ann^(g)(L(A)), 
and then Conjecture 5.2 follows using [P2, Theorem 3.1] and [L, Theorem 
1.2.2(ii),(ix)] (see the discussion just before Theorem 4.10). Combined with [Ba, 
Theorem 6.2] and the Kazhdan-Lusztig conjecture for g, Conjecture 5.3 would 
also mean that the composition multiplicities of all Verma modules M(A, e) 
can be computed in terms of Kazhdan-Lusztig polynomials. In particular, the 
Kazhdan-Lusztig conjecture of [VD] (as we understand it) is a consequence, as 
is [BK2, Conjecture 7.17] in type A. Note finally that Conjecture 5.3 (hence 
also Conjecture 5.2) is true if e G g is a long root element. In this special case 
for the good grading arising from the ad /i-eigenspace decomposition of g, the 
equivalence of categories W is given simply by taking Whittaker vectors with 
respect to m © 6+; see [P2, Theorem 7.1]. 

5.2. Type A. We now recast some of the results of [BK2] in the language of 
this paper. In particular we prove Conjecture 5.2 for the standard choice of 
positive roots in type A. So let g := g[jv(C) equipped with the trace form (.|.), 
t be the set of diagonal matrices and b be the set of upper triangular matrices. 
Let £i G t* be the ith diagonal coordinate function. Then the root system is 
$ = $+ U (-$"^) where := {si - Sj \ 1 < i < j < N} as usual. 

Let p be a partition of N and draw its Young diagram like in the following 
example: 



Pi 


1 


2 




P2 


3 


4 


5 




P3 


6 


7 


8 


9 



qi q2 qz q4 



We let n denote the number of rows and i denote the number of columns in the 
Young diagram of p. We index the rows of the diagram by 1, . . . , n from top 
to bottom, columns by !,...,£ from left to right, and boxes by 1, . . . , along 
rows as in the example. Let pi (resp. qi) denote the number of boxes in the 
ith row (resp. ith column). Let row(f) and col(f) denote the row and column 
numbers of the ith box. Letting Cij denote the ij-matrix unit, we let e G g2 be 
the nilpotent matrix 

e = ^ Cjj, 

row(i)=row(j) 
col(j)=col(j)— 1 
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which clearly has Jordan type p; e.g. e = ei^2 + 63,4 + 64^5 + eej + ey^s + 68,9 
in the above example. We define an even good grading for e by declaring that 
Cij is of degree 2(col(j) — col(i)). We call this the standard good grading. Now 
define the finite VF-algebra U (g, e) as in §2.2. As the good grading is even, 
U{g,e) is simply a subalgebra of U{p). The Levi factor f) of p satisfies 

^^s[,^(c)©---efl[,,(c). 

We also fix the choice of the parabolic q in §4.1 to be the span of the matrix 
units {cij I row(z) < row(j')}. So the Levi factor go of 1 satisfies 

0o = flU(C)e---©gtp,(C). 

The choice of q determines a system of positive roots in the restricted root 
system which we call the standard positive roots. 

We incorporate the following two shifts as indicated in Remarks 3.4 and 4.9: 

N N 

rj := - gcoi(j) - 9coi(i)+i le)^i' » ■= ~ ^) XI 

i=l i=l 

Noting T] does indeed extend to a character of p, the embedding 9 from Theo- 
rem 3.3 shifted in this way is the restriction oi Sj^ : U{p) ^ U{p), which matches 
[BKl, (9.2)]. Also the choice of origin means that the weight p from §4.3 is 

/9 = -£2 - 2e3 {N - l)eN, 

which agrees with the choice made in [BK2]. In [BKl] an explicit linear map 
: g^ U{q, e) as in Theorem 3.6 was described. The images of a certain 
distinguished basis of g^ under this explicit map @ were denoted 

{Df ^ G U{g, e)\l<i<n, l<r< pi}, 

eU{Q,e)\l <i < j <n, Pj-Pi<r < pj}, 

{F^j> G U{q, e)\l<i<j<n, 0<r< pi}. 

These elements belong to the zero, positive and negative restricted root spaces 
of J7(g, e), respectively. Recall the maps from Lemma 5.1 and tt-j from 
Theorem 4.3. 

Lemma 5.4. ^_e(7r_^(L>j^^^)) is equal to the rth elementary symmetric function 
in {ejj + i — l|l<j<A'', row(_7) = i}. 

Proof. We need to recall the explicit form of the element D^^^ from [BKl, 
Corollary 9.4]: 

S=l is 

where the second sum is over all 1 < ii, ■ ■ ■ ,is,ji, ■ ■ ■ ,js < such that 

(1) col(ii) - col(ii) H h col(js) - co\{is) = r - s; 

(2) col{it) < col{jt) for each t = I, . . . , s; 

(3) if mw(jt) > i then col(jt) < col(it+i) for each t = 1, . . . , s — 1; 
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(4) if row(jt) < i then col(jt) > col{it+i) for each t = 1, . . . , s — 1; 

(5) row(ii) = row(js) = i; 

(6) row(j() = iaw{it+i) for each t = 1, . . . , s — 1. 

We claim that the map it : U{p)o U{po) annihilates all S^{ei-^^,j^ ■ ■ ■ ej,.jj on 
the right hand side of this formula that have row(it) ^ i for some t. To see 
this, take such a monomial and the maximal such t. If row(i() < i then ei^J^ 
can be commuted to the end of the monomial in view of (3), hence since it lies 
in a positive restricted root space it is mapped to zero by vr. If row(i() > i then 
we let 1 < u < f be maximal such that row(i„) < row(ju). Again e^^j^ can be 
commuted to the end of the monomial by (3) and tt gives zero. 

Using the claim and (6) we see that 7r{D^^^) is given explicitly by the analo- 
gous expression summing over 1 < ii, ■ ■ ■ ,is,ji, ■ ■ ■ ,js < satisfying the same 
conditions as before and also row(it) = row(jt) = i for all t. Applying S-j then 
5_e o ^ and using Lemma 4.2 (recalling that 6 is the restriction of 5^) we see 

that ^-e{'^-^{D^^^)) is equal to the rth elementary symmetric function in 
{S_,_s{ej,j) \l<j< A^,row(j) = i}. 

It remains to show S^^^sic-j.j) = To see this, let N(j), NE(j), E(j), . . . 

denote the number of boxes to the north (strictly above and in the same col- 
umn), north east (strictly above and strictly to the right), east (strictly to the 
right and in the same row), ... of the jth box. The weights 6 from §4.1 and e 
from §5.1 are then given explicitly by the formulae 

N 

S = ^(NW(j) + N(j) + NE(j) + E(i) + S(j) + 1 - n)ej, 

N 

e = - ^(NW(j) + N(j) + NE(j) + E{j))ej, 
j=i 

recalling we have shifted by —rj and o as indicated in Remarks 3.4 and 4.9. 
Hence 

N N 

e + S = + 1 - n)ej = ^^(l - row(i))£,- 

as required to complete the proof. □ 

A p-tableau means a filling of boxes of the Young diagram of p with complex 
numbers. The map sending a tableau to the weight J2iLi O'i^ij where aj is the 
entry in the zth box, defines a bijection from the set Tab(p) of all p-tableaux 
to the set t*. It induces a bijection from the set Row(p) of all row equivalence 
classes of p-tableaux to the set C = t*/Wo from §5.1. Let < denote the partial 
order on C defined bya<6if6 — aG Z>o. We call a tableau column strict if 
its entries are strictly increasing up columns from bottom to top in this order. 

Theorem 5.5. Let A £ C and A G Row(p) be the corresponding row equiva- 
lence class of p-tableaux. Then L(A, e) is finite dimensional if and only if A 
has a column strict representative. 
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Proof. In [BK2, §6.1] a J7(0, e)-module M is called a highest weight module of 

(r) 

type A if it is generated by a vector v+ that is annihilated by all the E^J and 

(r) 

such that ' acts on v+ by multiplication by the rth elementary symmetric 
function in the elements {aj + i — 1|1<J < N,j:ow{j) = i}, where aj is the 
entry in the jth box of some representative of A. In view of Lemma 5.4 and 
the explicit definition of V\ given just after Lemma 5.1, this is exactly the same 
as the notion of a highest weight module of type A e jO from §4.2. Hence the 
Verma modules M(A, e) and their irreducible quotients L(A, e) here arc exactly 
the same as the modules M{A) and L{A) in [BK2, §6.1]. Given this, the present 
theorem is a restatement of [BK2, Theorem 7.9]. □ 

Corollary 5.6. Conjecture 5.2 holds in the present situation. 

Proof. To deduce this from Theorem 5.5, we need to recall some classical re- 
sults describing the associated varieties of primitive ideals in U (g) in terms 
the Robinson-Schensted correspondence. Let A = X^^i aiSi G t*. We define a 
tableau ^(A) by starting from the empty tableau and then using the Robinson- 
Schensted row insertion algorithm to successively incorporate the complex num- 
bers ai, . . . , Oat. At the ith step we add Oj to the bottom row of the tableau 
unless there is an entry b already in the bottom row with < b, in which case 
we pick the smallest such b, replace b by then bump b into the next row 
up by the analogous procedure. See [F, §1.1] for a detailed account. By [Jl, 
Corollary 3.3] (together with [Jl, Lemma 2.4] to reduce to regular weights) it 
is known that "lM(Ann^(g)(L(A))) is equal to the closure of the orbit consisting 
of all nilpotent matrices of Jordan type equal to the shape of the tableau ^(A). 

Now to prove the corollary we take A € C and pick a representative A € A 
such that (A|a^) ^ Z>o for all a G Let A be the corresponding p-tableau. 
Thus a < b are entries in the same row of A then a is located to the left of b. 
It is now an elementary combinatorial exercise to check that A is row equivalent 
to a column strict tableau if and only if A{X) is of shape p. Combined with 
Theorem 5.5 and the preceding paragraph, we deduce that L(A, e) is finite 
dimensional if and only if VA{Ann^(^g^{L{X))) = G ■ e. □ 

The result just proved also holds for an arbitrary good grading; the general 
case easily reduces to the standard good grading considered here using [BG, 
Theorem 2]. 
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